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Abstract

This paper presents analytical results for dynamic rational inattention problems as in Sims

(2003). The agent tracks an optimal action that follows a Gaussian process. The agent chooses

the properties of the signals that he receives, so as to minimize the mean squared difference

between his action and the optimal action, subject to a constraint on information flow. We

prove that the optimal signal is a one-dimensional signal about the elements of the state vector,

which typically has non-zero signal weights on all elements of the state vector. The intuition for

these results is that an agent with memory and limited attention wants to learn about the current

optimal action and the best predictors of future optimal actions. Hence, in a dynamic economy,

rational inattention creates a combination of delay in actions due to noise in the optimal signal

and forward-looking actions due to forward-looking information choice. We illustrate these

analytical results in a macroeconomic model of price-setting and a business cycle model with

news shocks.
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1 Introduction

Most economic decision makers have to take decisions not only once but repeatedly over time.

Think of the decision maker in a firm who chooses the price of a good or the scale of production.

Think of a household who chooses how much to spend or which goods to consume. Think of a policy

maker who chooses government spending or taxes. All economic decision makers have memory and

a limited ability to process information. How should a decision maker acquire information if he

or she cannot attend perfectly to all available information and information acquired today is also

useful in the future because of memory and repeated decision making?

There is a growing literature that models agents’ limited attention as a constraint on infor-

mation flow (Sims, 2003). In this literature, agents can choose the information structure, subject

to the information flow constraint (“rational inattention”). Many interesting applications of this

theory are dynamic, but most papers study static models, because dynamic rational inattention

problems are difficult to solve. The papers that do study dynamic models take one of the fol-

lowing approaches. First, the information structure and the actions are computed by brute-force

numerical optimization (Sims, 2003, Máckowiak and Wiederholt, 2015).1 Second, the economy

is assumed to be uncorrelated over time to turn a dynamic economy into a sequence of static

economies (Máckowiak and Wiederholt, 2009, Section IV). Third, a simple information structure

is assumed rather than derived (Adam, 2007, Luo, 2008, Paciello and Wiederholt, 2014). Fourth,

agents are assumed to have no memory or accessing memory is assumed to be as costly as pay-

ing attention to the outside world (Woodford, 2009, Stevens, 2015). In this paper, we take none

of these simplifying approaches. We derive analytical results for rational inattention problems in

correlated economies with memory. Our results are related to two earlier papers (Máckowiak and

Wiederholt, 2009, Section V, Steiner, Stewart, and Matějka, 2017) that are summarized in detail

in the following section. The goal of this paper is to derive insights about the solution to dynamic

rational inattention problems and to make it easy to solve those problems.

We start from a benchmark dynamic rational inattention problem. Time is discrete. A decision

maker has to take an action in every period. The optimal action follows a Gaussian stochastic

process. The decision maker chooses the properties of the signals that he receives, so as to minimize

the mean squared difference between his action and the optimal action, subject to the information

1See also Tutino (2013) and Matějka (2016).
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flow constraint. The agent has perfect memory, i.e., the signals received in the current period can

also be used to improve actions in future periods.

We show that the optimal signal is a one-dimensional signal about the elements of the state

vector. Furthermore, the signal weights on all elements of the state vector are typically non-zero.

The optimal signal is a one-dimensional signal about the current optimal action and the best

predictors of future optimal actions. Thus, in a dynamic economy, rational inattention creates a

combination of both delay in actions due to noise in the optimal signal and forward-looking actions

due to forward-looking information choice and the optimality of a one-dimensional signal.

We consider many extensions of the benchmark dynamic rational inattention problem: a sta-

tionary or non-stationary process for the optimal action, an optimal action that is driven by multiple

shocks, alternative formulations of the information flow constraint, alternative objective functions.

We show that the aforementioned results are robust findings. It seems intuitive that an agent with

limited attention, memory, and repeated actions is forward-looking, because of the desire to enter

well informed into future periods.

We illustrate our analytical results with two applications from Macroeconomics. We focus on

applications from this field for two reasons. First, when Sims (1998) first proposed the idea of

rational inattention, he was motivated by macroeconomic data. Our examples show that rational

inattention indeed has important implications for macroeconomic time series. Second, solving

dynamic macroeconomic models with rationally inattentive agents was perceived to be challenging.

We demonstrate that, with this paper’s results at hand, solving such models has become a lot

easier.

We begin with the model of price-setting proposed by Woodford (2002). This is a benchmark

business cycle model with exogenous imperfect information. In the model, price-setting firms

observe noisy signals about nominal aggregate demand and, due to the informational friction,

nominal disturbances have real effects. We resolve the model with signals that are optimal under

rational inattention. Our decision makers use the available information flow more efficiently, and

they choose signals that yield smaller pricing errors on impact of a shock and larger pricing errors in

the longer run, compared with the Woodford economy. Hence, real effects of a nominal disturbance

are weaker and at the same time more persistent than in the Woodford model.

Next, we consider a business cycle model with news shocks about productivity. By “a news shock
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about productivity” we mean a change in productivity that one can learn about before it actually

occurs in production. Think of a success in research and development that affects productivity

with a delay. While such shocks seem a plausible source of the business cycle, it has proven difficult

to construct models in which the business cycle is driven by news. The key problem is that good

news about future productivity makes agents wealthier and, in a neoclassical environment, this

wealth effect increases both consumption and leisure, reducing labor input through a reduction

in labor supply. With capital predetermined and current productivity unchanged, the decrease in

labor input pushes output down. In our model, firms make a labor-hiring decision under rational

inattention. Our analytical results imply that they choose not to distinguish carefully between

current increases in productivity and future increases in productivity. Hence, a positive news shock

causes an increase in labor demand on impact of the shock. This new effect will help models

produce business cycle comovement in response to news shocks.

The following section summarizes the most closely related papers.2 The benchmark dynamic

rational inattention problem is formulated in Section 3. The paper’s analytical results are in Section

4. Example solutions are in Section 5. The two applications from dynamic macroeconomics are in

Sections 6 and 7, implications for expectations data are in Section 8, and Section 9 concludes.

2 Literature

In 2003, Christopher A. Sims formulated the following dynamic rational inattention problem. The

agent chooses a process for his action, Yt, to track an optimal action, Xt. Think of Xt as (the

log of) a monopolist’s profit-maximizing price, which follows a Gaussian stochastic process due to

shocks to productivity, factor prices, or demand. The agent aims to minimize the mean squared

difference between his action and the optimal action. The novel constraint is a constraint on the

information flow to the agent. Formally, Sims studied the problem

min
b,c

E
h
(Yt −Xt)

2
i

(1)

subject to

Xt =
nX

s=0

asεt−s, Yt =
nX

s=0

bsεt−s +
nX

s=0

csνt−s, (2)

2See Sims (2010), Veldkamp (2011), or Wiederholt (2010) for a review of the literature on rational inattention.
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and

lim
T→∞

1

T
I (X1, . . . ,XT ;Y1, . . . , YT ) ≤ κ, (3)

where εt and νt follow independent Gaussian white noise processes with unit variance. The optimal

action, which the agent takes as given, follows a Gaussian moving average process. The actual

action, which the agent chooses, can follow any Gaussian process that is a sum of two components:

a component driven by the innovations to the optimal action, εt, and a component driven by

noise, νt.3 The left-hand side of the weak inequality, which is formally defined in the next section,

quantifies the information flow to the agent by the amount of information contained in the (sequence

of) actions about the (sequence of) optimal actions. The constraint states that the information

flow to the agent cannot exceed the parameter κ.4

Sims solved this problem numerically. An example solution with a linearly declining sequence

of weights as is displayed in Figure 1. He noted that the agent responds with delay to an innovation

in the optimal action (compare the optimal bs to the as) and that the agent’s action contains noise

(the optimal cs are non-zero). Hence, Sims argued that optimal choice subject to an information

flow constraint can be a foundation for both sluggishness in actions and stochasticity of actions

conditional on fundamentals.

Máckowiak and Wiederholt (2009) first generalized this problem by allowing all moving average

processes to be infinite-order moving average processes and then derived an analytical solution to

the problem (1)-(3) in the special case where the optimal action follows a first-order autoregressive

process: Xt = ρXt−1 + a0εt, and thus as = ρsa0. In this case, one can show that the information

flow constraint (3) implies the following lower bound on the value of loss function (1):

a20
22κ − ρ2

.

Moreover, the following coefficients yield a process for the action that attains this bound and

satisfies the information flow constraint

bs =

∙
ρs − 1

22κ

³ ρ

22κ

´s¸
a0 and cs =

s
1

22κ
22κ − 1
22κ − ρ2

³ ρ

22κ

´s
a0. (4)

3 In the special case of cs = 0 for all s, there is no noise in the actual action. In the even more special case of

cs = 0 and bs = as for all s, the actual action equals the optimal action at each point in time, Yt = Xt. This is the

very special case that is normally assumed in Economics.
4Sims (2003) expressed the left-hand side of the information flow constraint (3) in terms of the moving average

coefficients as, bs, and cs, s = 0, 1, . . . , n.
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Hence, this process for the action solves Sims’s dynamic rational inattention problem in the case

of an AR(1) process for the optimal action. In addition, Máckowiak and Wiederholt (2009) proved

that the solution has an extremely simple, alternative representation

Yt = E [Xt|It] , (5)

where

It = I0 ∪ {S1, . . . , St} with St = Xt + dνt. (6)

The agent’s action is identical to the action of an agent who receives a signal of the form “current

optimal action plus i.i.d. noise” in every period (the coefficient d is the one that makes the informa-

tion flow constraint hold with equality), remembers all past signals, and computes the conditional

expectation of the current optimal action given his information set.

The following questions arise: What is the best process for the action when the optimal action

does not follow an AR(1) process? In other words, what is the optimal signal when the optimal

action does not follow an AR(1) process? After stating the decision problem in Section 3, we turn

to the answers to these questions in the following sections.

This paper is related to another recent paper on dynamic rational inattention problems. Steiner,

Stewart, and Matějka (2017) study a dynamic model of discrete choice under rational inattention.

They show that the solution takes the form of a dynamic logit rule with endogenous biases.5 They

also prove that the dynamic problem can be reduced to a collection of static problems, one for each

decision node. Finally, they apply these results in three examples: an example with two periods,

an example where the state follows a two-state Markov chain, and an example where the state is

drawn in the first period and is then constant over time. By contrast, our results apply to the class

of dynamic rational inattention problems with Gaussian optimal actions proposed in Sims (2003).

3 Decision problem

In this section we formulate the dynamic rational inattention problem. The agent tracks an optimal

action that follows a Gaussian process. The agent chooses the properties of the signals about the

optimal action so as to minimize the mean squared difference between the action and the optimal

action subject to the information flow constraint.
5This result extends the static logit result of Matějka and McKay (2015) to a dynamic setting.
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The optimal action, denoted by Xt, can follow any stationary Gaussian ARMA(p,q) process

with p,q finite. That is, the optimal action can follow an MA(q) process with q ≥ 0

Xt = θ0εt + . . .+ θqεt−q,

an AR(p) process with p ≥ 1

Xt = φ1Xt−1 + . . .+ φpXt−p + θ0εt,

or an ARMA(p,q) process with p ≥ 1 and q ≥ 1

Xt = φ1Xt−1 + . . .+ φpXt−p + θ0εt + . . .+ θqεt−q, (7)

where εt follows a Gaussian white noise process with unit variance, and φ1, . . . , φp and θ0, . . . , θq

are coefficients.6 The MA(n) process assumed in Sims (2003) and the AR(1) process assumed in

Máckowiak and Wiederholt (2009) are obviously special cases of this assumption.

The agent’s information set in any period t ≥ 1 includes any initial information and all signals

received up to this point in time

It = I0 ∪
©
SK
1 , . . . , S

K
t

ª
, (8)

where I0 denotes the initial information set and SK
t denotes the signal vector received in period t.

The superscript K ≥ 1 denotes the dimension of the signal vector received in period t.

The agent chooses the number of signals, K, the content of the signals, and the variance-

covariance matrix of noise in the signals. Each signal in the signal vector SK
t = (St,1, . . . , St,K)

0

can be about a different linear combination of current and past Xt and current and past εt

SK
t = AXM

t +BεNt + ψK
t , (9)

where XM
t = (Xt, . . . ,Xt−M+1)

0 denotes the vector of current and past Xt, εNt = (εt, . . . , εt−N+1)
0

is the vector of current and past εt, and A ∈ RK×M and B ∈ RK×N are matrices of coefficients.

The integers M ≥ max {p, 1} and N ≥ max {q, 1} can be arbitrarily large. To fix ideas, think of

M = N = 10100. By choosing the matrices A and B the agent chooses the content of the signals.

For example, the agent can choose to learn about the current optimal action or past optimal actions

6Without loss in generality, the coefficients on the largest lags are required to be non-zero, φp 6= 0 and θq 6= 0.
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or the current innovation to the optimal action or past innovations or linear combinations of them.

The vector of noise ψK
t =

¡
ψt,1, . . . , ψt,K

¢0 follows a Gaussian vector white noise process with
variance-covariance matrix Σψ. By choosing the matrix Σψ the agent chooses the precision of the

K signals in SK
t and the covariances of the noise terms in these signals.

The agent chooses the number of signals, K, the content of the signals, A and B, and the

variance-covariance matrix of noise in the signals, Σψ, so as to minimize the mean squared error

subject to the information flow constraint. Formally, we study the problem

min
K,A,B,Σψ

E
h
(Xt − Yt)

2
i
, (10)

subject to (7), Yt = E [Xt|It], (8), (9), and the information flow constraint

lim
T→∞

1

T
I
¡
X̄0,X1, . . . ,XT ;S

K
1 , . . . , S

K
T

¢
≤ κ. (11)

The vector X̄0 in the information flow constraint denotes the vector of initial conditions for the

process for the optimal action.7

A dynamic rational inattention problem is similar to a static rational inattention problem

in which the optimal action depends on multiple shocks. The optimal action, Xt, is a linear

combination of current and past shocks, εt, εt−1, . . .. In a rational inattention model, the agent

chooses how to learn about these shocks. The key difference between a dynamic rational inattention

problem and a static rational inattention problem with multiple shocks is memory. Equation (8)

implies that any information acquired in period t will also be useful in future periods.

There are four differences between Sims’s dynamic rational inattention problem (1)-(3) and

our dynamic rational inattention problem (7)-(11). First, we allow for a more general process for

the optimal action. Second, while Sims assumes that the agent chooses directly a process for the

action, we assume that the agent chooses the properties of the signals. This modelling choice is

motivated by the fact that in the AR(1) case the solution to Sims’s problem looked complicated in

terms of actions (equation (4)) but simple in terms of signals with i.i.d. noise (equations (5)-(6)).

In Section 5, we demonstrate numerically that our assumption that the vector of noise, ψK
t , is i.i.d.

over time is not a binding restriction. Third, in the information flow constraint (11) we measure

the information content of the signals rather than the information content of the actions, which has
7That is, X̄0 = (X1−p, . . . ,X0) in the AR(p) case, X̄0 = (ε1−q, . . . , ε0) in the MA(q) case, and X̄0 =

(X1−p, . . . ,X0, ε1−q, . . . , ε0) in the ARMA(p,q) case.
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no effect on the solution. Fourth, in the information flow constraint (11), we measure the amount

of information contained in the signals about both: (i) the optimal actions, and (ii) the initial

conditions for the optimal actions, which has no effect on the solution and simplifies the beginning

of a proof.

Quantifying information flow. The information flow constraint (11) restricts the information

flow to the agent and thereby formalizes the idea that the agent has a limited amount of attention.

Subject to this constraint, the agent chooses the allocation of attention (the number, content, and

precision of signals). The agent decides whether to pay attention to the current optimal action,

past optimal actions, innovations, and so on. The agent chooses how to deal with his own cognitive

limitation, i.e., the agent is rationally attentive/inattentive.

We still need to specify how the information flow to the agent is quantified, i.e., we still

need to formally define the left-hand side of the information flow constraint. Following Sims

(2003), we quantify the information flow to the agent by reduction in uncertainty, where un-

certainty is measured by entropy. Formally, the mutual information between two random vectors

XT = (X1, . . . ,XT ) and ST = (S1, . . . , ST ), denoted I
¡
XT ;ST

¢
, equals the difference between

the entropy of XT , denoted H
¡
XT

¢
, and the conditional entropy of XT given knowledge of ST ,

denoted H
¡
XT |ST

¢
,

I
¡
XT ;ST

¢
= H

¡
XT

¢
−H

¡
XT |ST

¢
. (12)

Entropy is simply a measure of uncertainty. Hence, the mutual information between XT and ST

simply measures how much the uncertainty about the realization of (X1, . . . ,XT ) is reduced due

to knowledge of (S1, . . . , ST ).

Dividing by T on both sides of the last equation and taking the limit as T →∞ yields

lim
T→∞

1

T
I
¡
XT ;ST

¢
= lim

T→∞

1

T
H
¡
XT

¢
− lim

T→∞

1

T
H
¡
XT |ST

¢
. (13)

The first term on the right-hand side measures how total uncertainty about (X1, . . . ,XT ) grows

per unit of time. The second term on the right-hand side measures how total uncertainty about

(X1, . . . ,XT ) grows per unit of time given knowledge of (S1, . . . , ST ). The difference between the

two terms measures the information flow to the agent.

Replacing ST by Y T in the last equation formally defines the left-hand side of equation (3). The

fact that we condition on the signals rather than on the actions in the information flow constraint
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(11) and the fact that we also measure the uncertainty reduction about the initial conditions in the

information flow constraint (11) has no effect on the solution to our dynamic rational inattention

problem (7)-(11).

Equivalent formulations of the constraint. There exist many equivalent formulations of

the information flow constraint. First, the mutual information in equation (12) remains unchanged

when the vector ST is replaced by any vector ŜT with the property: ST can be computed from ŜT

and vice versa. The reason is that the conditional entropy in equation (12) remains unchanged. The

symmetry of mutual information, I
¡
XT ;ST

¢
= I

¡
ST ;XT

¢
= H

¡
ST
¢
−H

¡
ST |XT

¢
, implies that

the same argument applies to XT . The mutual information in equation (12) remains unchanged

when the vector XT is replaced by any vector X̂T with the property: XT can be computed from

X̂T and vice versa. Furthermore, adding or dropping random variables which do not affect the

limit on the left-hand side of equation (13) obviously also yields an equivalent formulation of the

information flow constraint.

Second, the information flow constraint (11) is equivalent to a constraint on the difference

between prior uncertainty and posterior uncertainty at a given point in time. This equivalence

result is new and is therefore stated in a lemma.

Lemma 1 Let SK,t =
©
SK
1 , . . . , S

K
t

ª
denote the set of signals received up to and including time t.

The information flow constraint (11) is equivalent to

lim
T→∞

£
H
¡
ϕT |SK,T−1¢−H

¡
ϕT |SK,T

¢¤
≤ κ, (14)

where the vector ϕt can be any vector with the following two properties: (i) X
M
t and εNt in equation

(9) for SK
t can be computed from ϕt, and (ii) ϕt contains no redundant elements.

Proof. See Appendix A.

The left-hand side of the information flow constraint (14) is the difference between prior un-

certainty and posterior uncertainty about all variables that the new signal, SK
T , can be about.

The limit implies that this difference is computed once the agent has access to a long history of

signals, SK,T−1. The lemma establishes the equivalence of two formulations of the information flow

constraint that have appeared in the literature and it will be used in the following section to prove

our first main result. Furthermore, in Section 4 we show that the information flow constraint (14)

is equivalent to a constraint on a particular signal-to-noise ratio once K = 1.
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The objective and the initial information set. The agent aims to minimize the mean

squared difference between the action, Yt, and the optimal action, Xt. With a quadratic objective,

the best action at any time t given any information set It is the conditional expectation of the

optimal action, Yt = E [Xt|It]. Substituting this equation for the action into the agent’s loss

function (10) yields the mean squared error E
h
(Xt −E [Xt|It])2

i
.

This mean squared error can in principle vary over time, because the agent can condition on

more signals as time passes. Recall that the agent’s information set is specified in equation (8). To

abstract from transitional dynamics in this mean squared error, we assume that — after the agent

has chosen the number, content, and precision of the signals in period zero — the agent receives a

long sequence of signals in period zero such that conditional second moments are independent of

time.8’9 Thus, conditional second moments can be computed using the steady-state Kalman filter.

This assumption about the information set I0 after the agent has made the information choice

in period zero has three implications. First, it does not matter which period t ≥ 1 one is referring

to in the agent’s loss function (10). Second, replacing the agent’s loss function (10) by the loss

function

E

" ∞X
t=1

βt (Xt −E [Xt|It])2
#
=

β

1− β
E
h
(Xt −E [Xt|It])2

i
, β ∈ (0, 1) , (15)

is simply a monotone transformation of the objective and thus does not affect the solution to the

dynamic rational inattention problem (7)-(11). Third, the conditional expectation E [Xt|It] is a

time-invariant function of the signals. Hence, the action Yt = E [Xt|It] is a time-invariant function

of the shocks and one can directly compare the solution of the dynamic rational inattention problem

(7)-(11) to the solution of Sims’s dynamic rational inattention problem (1)-(3), where the action is

assumed to be a time-invariant function of the shocks.

Applications. In the price-setting application of Section 6, the optimal action Xt is the (log

of the) profit-maximizing price of a monopolist driven by normally distributed shocks to nominal

marginal cost. In the hiring application of Section 7, the optimal action Xt is the (log of the) profit-

maximizing labor input of a competitive firm driven by normally distributed shocks to productivity.

After a quadratic approximation to the profit function, the loss in profit due to a suboptimal action

8The same assumption is made in Maćkowiak and Wiederholt (2009).
9 Including the signals received in period zero in the information flow constraint (11) does not affect the limit on

the left-hand side of the information flow constraint (11).
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is proportional to the squared difference between the profit-maximizing action and the actual action.

In period zero, the manager chooses the properties of the signals that he receives, so as to minimize

the expected discounted sum of losses in profit due to suboptimal actions (15), subject to the

information flow constraint (11). In the following periods, the manager receives the signals and

sets the actual action equal to the conditional expectation of the profit-maximizing action.

4 Solution

In this section we present analytical results. We first prove that in the search for the optimal signal

one can restrict attention to a one-dimensional signal about the state vector. The information flow

constraint (11) then reduces to a constraint on a single signal-to-noise ratio. Next, we turn to the

AR(2) case and the ARMA(1,1) case. We prove that the optimal signal is not on the current optimal

action only. The optimal signal is on both the current optimal action and the best predictor of next

period’s optimal action. Finally, we prove that as the information flow gets very large, κ → ∞,

the optimal signal converges to a signal that is about the current optimal action only. Section

5 presents example solutions and demonstrates numerically that the solution of Sims’s rational

inattention problem (1)-(3) equals the solution of our rational inattention problem (7)-(11).

4.1 Two main results

In this subsection, we prove that any optimal signal vector is only about the elements of the state

vector and the agent can attain the optimum with a one-dimensional signal.

Proposition 1 In the AR(p) case with p ≥ 1, any optimal signal vector is on linear combinations

of
©
Xt, . . . ,Xt−(p−1)

ª
only. In the ARMA(p,q) case with p ≥ 1 and q ≥ 1, any optimal signal

vector is on linear combinations of
©
Xt, . . . ,Xt−(p−1)

ª
and

©
εt, . . . , εt−(q−1)

ª
only. In the white

noise case, any optimal signal vector is on Xt only. In the MA(q) case with q ≥ 1, any optimal

signal vector is on linear combinations of Xt and
©
εt, . . . , εt−(q−1)

ª
only.

Proof. See Appendix B.

To summarize Proposition 1, note the following. The optimal action, Xt, is assumed to follow

an ARMA(p,q) process. Recall from time series analysis that the optimal action, Xt, then also has
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a first-order vector autoregressive representation

ξt+1 = Fξt + vt+1,

where the vector vt follows a vector white noise process, the matrix F is a square matrix, and the

vector ξt is given by

ξt =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

¡
Xt, . . . ,Xt−(p−1)

¢0 if p ≥ 1 and q = 0¡
Xt, . . . ,Xt−(p−1), εt, . . . , εt−(q−1)

¢0 if p ≥ 1 and q ≥ 1

Xt if p = 0 and q = 0¡
Xt, εt, . . . , εt−(q−1)

¢0 if p = 0 and q ≥ 1

. (16)

The vector ξt contains all information available at time t about the current value of the optimal

action and future values of the optimal action. Hence, Proposition 1 states that any optimal signal

vector is only about the current optimal action and the variables that determine future values of the

optimal action. The agent could in principle receive signals about variables that are not elements

of the vector ξt, i.e., the agent could receive signals about higher lags of the optimal action and

higher lags of the innovation to the optimal action, but the optimal signal weights on those higher

lags are zero.

To gain intuition for this result, it is important to understand that the signal vector SK
τ received

in period τ has a dual role: it is the new information received in period τ , Iτ = Iτ−1 ∪
©
SK
τ

ª
, and

it is part of the agent’s memory It−1 in any future period t > τ . Now consider any period t ≥ 1.

The agent would like to enter the period with low prior uncertainty about the optimal action in

the period. The prior uncertainty about the optimal action in the period is determined by signals

received in the past. See the first term on the left-hand side of the information flow constraint (14).

The most efficient way to reduce prior uncertainty about the optimal action in the period through

signals received in the past is to have received signals about the elements of the vector ξτ in τ < t.

Since in the future the present will be the past, the agent considers receiving signals about the

elements of ξt in period t. Furthermore, given any prior information about the optimal action in

the period, the agent would like to receive new information about the optimal action in the period

so as to minimize the mean squared error, E
h¡
Xt −E

£
Xt|It−1, SK

t

¤¢2i. The most efficient way to
reduce the mean squared error given any prior information, It−1, is to receive a signal about Xt.

Thus, the agent considers receiving a signal about Xt in period t. Finally, receiving signals about
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higher lags of the optimal action than Xt−(p−1) or higher lags of the innovation to the optimal

action than εt−(q−1) is neither an efficient way to reduce prior uncertainty about the optimal action

in future periods nor an efficient way to reduce the mean squared error given prior information.

The optimal signal weights on those higher lags are therefore zero.

The proof of Proposition 1 is built around this intuition. First, the information flow constraint

(11) is equivalent to the information flow constraint (14), which expresses the information flow to

the agent as the difference between prior uncertainty and posterior uncertainty about all variables

that the new signal can be about. Second, the prior uncertainty in the constraint (14) is a function

only of the conditional variance-covariance matrix of ϕt given It−1, denoted Σ1. The posterior

uncertainty in the constraint (14) is a function only of the conditional variance-covariance matrix

of ϕt given It, denoted Σ0. Third, split the vector ϕt into two sub-vectors: ξt defined in equation

(16) and a vector χt containing the higher lags of the optimal action and the higher lags of the

innovation to the optimal action. Let d denote the number of elements in ξt. The information flow

on the left-hand side of (14) equals the sum of the information flow about ξt and the information

flow about χt given ξt. Furthermore, the information flow about ξt is a function only of the upper-

left (d× d) submatrix of Σ1 (prior) and the upper-left (d× d) submatrix of Σ0 (posterior). Fifth,

consider a signal vector that is only about the elements of ξt. The signal is flexible enough to go

from any upper-left (d × d) submatrix of Σ1 to any feasible upper-left (d × d) submatrix of Σ0.

Furthermore, given any upper-left (d× d) submatrix of Σ0, the upper-left (d× d) submatrix of Σ1

follows directly from the law of motion for Xt. Moreover, the objective (10) equals the 1,1-element

of the upper-left (d × d) submatrix of Σ0, and a signal vector that is only about the elements of

ξt contains no information about χt given ξt. Finally, consider a signal vector that is not only

about the elements of ξt. There always exists a signal vector that is only about the elements of ξt

that yields the same value of the objective with a smaller information flow. The reason is simple.

There always exists a signal vector that is only about ξt that yields the same upper-left (d × d)

submatrices of Σ0 and Σ1 and by construction contains no information about χt given ξt.

One common theme in the rational inattention literature is that agents pay attention to the

variables that are most useful to them. Proposition 1, which states that any optimal signal vector

is only about the elements of the state vector, can be viewed as an example of this common theme

in a dynamic setting. The following proposition is about the dimension of the signal about the

14



state vector.

Proposition 2 The agent can attain the optimum with a one-dimensional signal.

Proof. See Appendix C.

Even though this result is not obvious, the intuition for (and proof of) this result is actually

quite simple. If the signal vector SK
t consists of multiple signals on the same linear combination

of current and past Xt and current and past εt, the signal vector is obviously equivalent to a one-

dimensional signal with a higher precision. If the signal vector SK
t consists of multiple signals on

different linear combinations of current and past Xt and current and past εt, the signal vector is

equivalent to another signal vector in which all signals apart from one are only about the past.

Furthermore, a signal vector in which some signals are only about the past cannot be optimal,

because the signals that are only about the past could have been received earlier. This would

reduce the value of the loss function without affecting information flow.

Propositions 1 and 2 imply that in the search for the optimal signal one can restrict attention

to one-dimensional signals that have the following state-space representation

ξt+1 = Fξt + vt+1, (17)

St = h0ξt + ψt, (18)

where the state vector ξt is given by equation (16), the vector of signal weights h is a column vector

with max {1, p}+q elements, and the noise ψt follows a Gaussian white noise process with variance

σ2ψ > 0.10 The final step is to find the vector of signal weights h and the variance of noise σ2ψ that

minimize the loss function (10) subject to the information flow constraint (11).

10The matrix F is a square matrix and the length of the column vector vt equals the length of ξt. The first element

of vt+1 equals θ0εt+1 and the first row of the matrix F ensures that the first row of the state equation (17) equals

the law of motion for Xt. In the AR(p) case with p ≥ 2, the remaining elements of vt+1 equal zero and the remaining

rows of the matrix F have a one just left of the main diagonal and zeros everywhere else. In the MA(q) case and

the ARMA(p,q) case with q ≥ 1, the vector vt+1 has q additional elements and the matrix F has q additional rows.

The first additional element of vt+1 equals εt+1 and the remaining additional elements of vt+1 equal zero. The first

additional row of the matrix F contains only zeros and the remaining additional rows of the matrix F have a one

just left of the main diagonal and zeros everywhere else.
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4.2 The information flow constraint and the optimal signal

In this subsection, we prove that the information flow constraint (11) reduces to a constraint on

a single signal-to-noise ratio in the case of the one-dimensional signal (18). Thereafter, we show

how to compute the vector of signal weights h and the variance of noise σ2ψ that minimize the loss

function (10) subject to the information flow constraint (11).

The objective (10) and the constraint (11) depend only on conditional second moments (more

on that below). Since from now on the signal has the state-space representation (17)-(18), one

can use the Kalman filter to compute conditional second moments of the state vector for a given

choice of h and σ2ψ.
11 Let Σt|t−1 denote the conditional variance-covariance matrix of ξt given

It−1. Let Σt|t denote the conditional variance-covariance matrix of ξt given It. Let Q denote the

variance-covariance matrix of vt+1. For a given choice of h and σ2ψ and for given matrices F and

Q, one can compute the variance-covariance matrices of the state vector, Σt|t−1 and Σt|t, from the

usual Kalman filter equations

Σt+1|t = FΣt|tF
0 +Q,

Σt|t = Σt|t−1 −Σt|t−1h
¡
h0Σt|t−1h+ σ2ψ

¢−1
h0Σt|t−1.

See, for example, Hamilton (1994), Chapter 13. Furthermore, since Xt follows a stationary process,

the limits Σ1 ≡ limt→∞Σt|t−1 and Σ0 ≡ limt→∞Σt|t exist and are given by

Σ1 = FΣ0F
0 +Q, (19)

Σ0 = Σ1 −Σ1h
¡
h0Σ1h+ σ2ψ

¢−1
h0Σ1. (20)

See, for example, Hamilton (1994), Propositions 13.1-13.2.

Let us simplify the information flow constraint. The information flow constraint (11) is equiva-

lent to the information flow constraint (14) (see Lemma 1). In the case of the one-dimensional signal

(18), the information flow constraint (14) in turn reduces to a constraint on a single signal-to-noise

ratio.

Lemma 2 In the case of the one-dimensional signal (18), the information flow constraint (14)

reduces to
1

2
log2

Ã
h0Σ1h

σ2ψ
+ 1

!
≤ κ, (21)

11See Hamilton (1994), Chapter 13, for an introduction to the Kalman filter.
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where h0Σ1h equals the variance of the informative component of the signal, conditional on t − 1

information, and σ2ψ equals the variance of the noise component of the signal.

Proof. Conditional normality implies that

H
¡
ξt|St−1¢−H

¡
ξt|St

¢
=
1

2
log2

µ
detΣt|t−1
detΣt|t

¶
.

The information flow constraint (14) is thus equivalent to

1

2
log2

µ
detΣ1
detΣ0

¶
≤ κ.

Using equation (20) to substitute for Σ0 yields

detΣ1
detΣ0

=
1

det

µ
I − 1

h0Σ1h+σ2ψ
hh0Σ1

¶ .
Furthermore, it follows from Sylvester’s determinant theorem that

det

Ã
I − 1

h0Σ1h+ σ2ψ
hh0Σ1

!
= det

Ã
1− 1

h0Σ1h+ σ2ψ
h0Σ1h

!
=

σ2ψ
h0Σ1h+ σ2ψ

.

Substituting these equations into the previous weak inequality yields

1

2
log2

Ã
h0Σ1h

σ2ψ
+ 1

!
≤ κ.

It seems intuitive that in the case of a one-dimensional Gaussian signal, information flow is

a function of a signal-to-noise ratio only.12 Furthermore, since the information flow constraint

(14) restricts the difference between prior and posterior uncertainty at a given point in time, the

relevant signal-to-noise ratio is the variance of the informative component of the signal divided by

the variance of the noise component of the signal, conditional on t− 1 information.

Collecting results we arrive at the following statement of the dynamic rational inattention

problem (7)-(11): Propositions 1 and 2, Lemmas 1 and 2, and equations (19)-(20) imply that the

dynamic rational inattention problem (7)-(11) reduces to

min
h∈Rmax{1,p}+q ,σ2ψ>0

³
1 0 · · · 0

´
Σ0

⎛⎜⎜⎜⎜⎜⎜⎝
1

0
...

0

⎞⎟⎟⎟⎟⎟⎟⎠ , (22)

12Adam (2007), Appendix A.3, derives a similar result for a static economy.
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subject to
1

2
log2

Ã
h0Σ1h

σ2ψ
+ 1

!
≤ κ, (23)

where the conditional variance-covariance matrices of the state vector, Σ1 and Σ0, are given by

Σ1 = FΣ0F
0 +Q, (24)

Σ0 = Σ1 −Σ1h
¡
h0Σ1h+ σ2ψ

¢−1
h0Σ1. (25)

The statement of the problem can be simplified further, because the information flow constraint

is always binding and the information flow constraint can be solved explicitly for the variance of

noise. The fact that the information flow constraint (23) is always binding implies

h0Σ1h

σ2ψ
= 22κ − 1.

For all κ > 0, this constraint can also be expressed as

σ2ψ =
h0Σ1h

22κ − 1 . (26)

Using the binding information flow constraint (26) to substitute for the variance of noise in the

Kalman filter equation (20) yields the following statement of the decision problem, for all κ > 0,

min
h∈Rmax{1,p}+q

³
1 0 · · · 0

´
Σ0

⎛⎜⎜⎜⎜⎜⎜⎝
1

0
...

0

⎞⎟⎟⎟⎟⎟⎟⎠ , (27)

where the matrices Σ1 and Σ0 are given by

Σ1 = FΣ0F
0 +Q, (28)

Σ0 = Σ1 −
¡
1− 2−2κ

¢
h0Σ1h

Σ1hh
0Σ1. (29)

The loss function (27) is simply another way of writing the loss function (10). Equations (28)-(29)

are obtained by using the information flow constraint (23) to substitute for the variance of noise in

the Kalman filter equation (25). The equations (28)-(29) give Σ1 and Σ0 as implicit functions of
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the vector of signal weights h, the matrices F and Q, and the parameter κ. Solving the problem

(27)-(29) yields the vector of optimal signal weights, h.13’14

The problem (27)-(29) can be solved in many different ways, for example, by numerical opti-

mization or by stating and solving first-order conditions. Solving the problem (27)-(29) (or the

problem (22)-(25)) by numerical optimization should be easy for anyone familiar with the Kalman

filter. Moreover, we found that solving the first-order conditions also works well and we therefore

state these first-order conditions in Appendix D. We also use these first-order conditions below to

derive analytical results regarding the optimal vector of signal weights, h.

Since multiplying the signal (18) by a non-zero constant does not change the matrices Σ1 and

Σ0 (see equation (20)), it is helpful to normalize either an element of h or σ2ψ before solving the

problem (22)-(25) or the problem (27)-(29).

4.3 Analytical results about the optimal vector of signal weights, h

We now present analytical results regarding the optimal signal weights in the optimal observation

equation (18). The main insight in this subsection is that the optimal signal is on the current

optimal action and the best predictors of future optimal actions.

Let us begin with the case of an AR(1) process for the optimal action. In this case, there is a

single state variable, ξt = Xt, and one can therefore obtain a closed-form solution to the dynamic

rational inattention problem (7)-(11).

Proposition 3 If the optimal action follows an AR(1) process, Xt = φ1Xt−1 + θ0εt, one can

restrict attention to signals of the form St = Xt + ψt. For all κ > 0, the variance of noise in the

optimal signal equals

σ2ψ =
22κ

22κ − 1
θ20

22κ − φ21
,

and the value of the objective at the solution equals

Σ0 =
θ20

22κ − φ21
.

13Substituting the vector of optimal signal weights, h∗, into equation (26) yields the optimal variance of noise, σ2∗ψ .
14One can also endogenize κ by adding a cost function for κ to the objective and by augmenting the set of choice

variables by κ. In the set of first-order conditions presented below, this will simply add a first-order condition.

Finally, note that any cost function for κ can be expressed as an equivalent cost function for the signal-to-noise ratio

h0Σ1h/σ
2
ψ by substituting the binding information flow constraint (23) into the original cost function for κ.
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Proof. Propositions 1 and 2 imply that one can restrict attention to signals of the form

St = hXt + ψt. Furthermore, without loss in generality, one can normalize the scalar h to one.

Substituting F = φ1, Q = θ20, and h = 1 into equations (28)-(29) yields Σ1 = φ21Σ0 + θ20 and

Σ0 = 2
−2κΣ1. These two equations can be solved for Σ1 and Σ0. Substituting the solution for Σ1

into equation (26) yields the solution for σ2ψ.

In the AR(1) case, the best predictor of any future optimal action is a linear function of the

current optimal action only (e.g., the best predictor of Xt+1 given full information in period t equals

φ1Xt, the best predictor of Xt+2 given full information in period t equals φ21Xt, and so on). Thus,

in the AR(1) case, receiving a signal on the best predictor of any future optimal action is equivalent

to receiving a signal on the current optimal action. For this reason, the optimal signal is of the

form St = hXt + ψt. The signal weight h can be normalized to one (or to φ1 or to φ21 or to any

other non-zero real number) and the optimal variance of noise, σ2∗ψ , is the smallest variance of noise

that satisfies the information flow constraint.15

Next, consider an AR(2) process for the optimal action. Propositions 1 and 2 imply that one

can restrict attention to signals of the form St = h1Xt + h2Xt−1 +ψt. The next proposition states

that the optimal signal weight on Xt−1 is generically different from zero (the word generically refers

to the condition φ1, φ2 6= 0 in Proposition 4). Thus the optimal signal is not on the current optimal

action only; the optimal signal is on both the current optimal action and the best predictor of next

period’s optimal action.

Proposition 4 If the optimal action follows an AR(2) process, Xt = φ1Xt−1+φ2Xt−2+ θ0εt, one

can restrict attention to signals of the form St = h1Xt + h2Xt−1 + ψt. Furthermore, φ1, φ2 6= 0

implies h2 6= 0.

Proof. See Appendix E.

To see the link to a signal on the best predictor of next period’s optimal action, multiply the

signal St = h1Xt+h2Xt−1+ψt by a non-zero constant ( to arrive at a signal about a weighted average

of the current optimal action and the best predictor of next period’s optimal action. Formally,

15Máckowiak and Wiederholt (2009) already derived the solution in the AR(1) case but without providing any

intuition for why a signal of the form St = Xt+ψt is optimal in the AR(1) case. See their Propositions 3-4 or Section

2. Luo and Young (2014) assume the signal St = Xt + ψt and then also derive the variance of noise.
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S0t = (St = ωXt+(1− ω) (φ1Xt + φ2Xt−1)+(ψt.
16 The term (φ1Xt + φ2Xt−1) is the best predictor

of Xt+1 given full information in period t. This best predictor no longer depends on Xt only. The

statement h2 6= 0 is equivalent to the statement (1− ω) 6= 0. Hence, Proposition 4 states that

the optimal signal is generically on both the current optimal action and the best predictor of next

period’s optimal action.

The key difference between a dynamic rational inattention problem and a static rational inat-

tention problem with multiple shocks is memory. Due to memory the signal received in the current

period has a dual role: it is the new information received in the current period and it affects the

agent’s prior beliefs in future periods. Since the agent is aware of his memory, the agent’s infor-

mation choice is forward-looking. The result stated in Proposition 4 that the optimal signal is

generically on both the current optimal action and the best predictor of next period’s optimal ac-

tion simply means that the optimal information choice is affected by both the desire to take a good

action in the current period and the desire to enter well informed into the next period. In the case

of φ2 = 0, the optimal action follows an AR(1) process and these two goals coincide; a signal on the

current optimal action is equivalent to a signal on the best predictor of any future optimal action.

Finally, in the case of φ1 = 0, even time periods and odd time periods are completely separated in

the sense that shocks that affect the optimal actions in even time periods do not affect the optimal

actions in odd time periods. In this case, the agent chooses to learn separately about the optimal

actions in even periods and the optimal actions in odd periods. Furthermore, a signal about the

current optimal action in an even period is equivalent to a signal about the best predictor of any

future optimal action in an even period. Hence, once the agent has separated learning about even

and odd periods, the goal to learn about the present once again coincides with the goal to learn

about the future.

Figure 2 displays example solutions holding constant φ1 + φ2, θ0, and κ and varying φ2. The

optimal signal weight on last period’s optimal action, h2, is non-zero for all φ1, φ2 6= 0 and non-

monotonic in φ2 for the reason described at the end of the last paragraph. Figure 3 shows example

solutions holding constant φ1, φ2, and θ0 and varying κ. The optimal signal weight on the best

predictor of next period’s optimal action, (1− ω), is monotonically decreasing in κ. Intuition for

this monotonicity result is provided at the end of this subsection.

16The coefficients ( and ω solve (h1 = ω + (1− ω)φ1 and (h2 = (1− ω)φ2. Hence, (1− ω) =
h2
h1

φ2+(1−φ1)
h2
h1

.
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The next proposition characterizes the optimal signal when the optimal action follows an

ARMA(1,1) process; more specifically, it characterizes the optimal signal in the case of news shocks.

In Macroeconomics, it is often assumed that nature draws shocks that affect fundamentals with a

delay. For example, a success in research and development affects productivity with a delay or a

policy change is announced but implemented with a delay. The delay implies that future changes

in, say, productivity, interest rates, and taxes can be learned about to some extent in advance. In

this case, the productivity shock or the policy shock is called a “news shock” because first the news

arrives and then the change occurs. An abstract example is Xt = φ1Xt−1+ θ1εt−1 with φ1, θ1 6= 0.

The shock is realized and can be learned about in period t−1 but only affects the optimal action in

period t. Formally, the optimal action follows an ARMA(1,1) process with θ0 = 0. Propositions 1

and 2 imply that one can restrict attention to signals of the form St = h1Xt+ h2εt+ψt. The next

proposition states that the optimal signal weight on εt is different from zero. Thus the optimal

signal is not on the current optimal action only. The optimal signal is on both the current optimal

action and the best predictor of next period’s optimal action.

Proposition 5 If the optimal action follows an ARMA(1,1) process, Xt = φ1Xt−1+θ0εt+θ1εt−1,

one can restrict attention to signals of the form St = h1Xt + h2εt + ψt. Furthermore, φ1, θ1 6= 0

and θ0 = 0 implies h2 6= 0.

Proof. See Appendix F.

To see the link to a signal on the best predictor of next period’s optimal action, multiply the

signal St = h1Xt+h2εt+ψt by a non-zero constant ( to arrive at a signal about a weighted average

of the current optimal action and the best predictor of next period’s optimal action. Formally,

S0t = (St = ωXt + (1− ω) (φ1Xt + θ1εt) + (ψt.
17 The term (φ1Xt + θ1εt) is the best predictor

of Xt+1 given full information in period t. The statement h2 6= 0 is equivalent to the statement

(1− ω) 6= 0. Hence, when one changes the process for the optimal action from an AR(1) process,

Xt = φ1Xt−1+θ0εt, to a process where the innovation can be learned about one period in advance,

Xt = φ1Xt−1+ θ1εt−1, a signal on the current optimal action is no longer equivalent to a signal on

the best predictor of next period’s optimal action. As a result, one can see that the optimal signal

is on both the current optimal action and the best predictor of next period’s optimal action.

17The coefficients ( and ω solve (h1 = ω + (1− ω)φ1 and (h2 = (1− ω) θ1. Thus, (1− ω) =
h2
h1

θ1+(1−φ1)
h2
h1

.
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Finally, we study the κ→∞ limit.

Proposition 6 As κ → ∞, the information capacity devoted to other components of uncertainty

than to Xt approaches 0, i.e., h0 → (1, 0, 0, . . .).

Proof. See Appendix G.

If the information flow is very large, it is optimal for the agent to process information mostly

about the current optimal action Xt only. The reason is that for large information capacity, in

each period t the prior uncertainty about Xt is much larger than uncertainty about any of the

past states Xt−s for s > 0. Gains from processing information in models with rational inattention

increase with the level of uncertainty, and thus paying attention to the more uncertain Xt in period

t is more valuable. This holds even if information about Xt−s were useful in the future.

For large κ, posterior uncertainty is always almost zero, which translates into low prior uncer-

tainty about past states in the next period. While the agent already acquired lots of information

about the past states, he has not acquired any about the current shock εt yet, and thus uncertainty

about Xt is much larger.

4.4 Extensions

We already pointed out in Section 3 that many different formulations of the information flow

constraint are in fact equivalent and hence yield the same solution. In this subsection, we discuss

other modifications of the decision problem formulated in Section 3 that can be relevant in economic

applications: the optimal action is non-stationary, the optimal action is driven by multiple shocks,

and the objective depends on multiple elements of Σ0.

Non-stationary optimal action. In applications, the optimal action may follow a non-

stationary process. So far we assumed that the optimal action, Xt, follows a stationary process. The

stationarity assumption ensures that all conditional moments appearing in the proofs of Lemmas 1

and 2 and Propositions 1-6 are well-defined. Let Σt|t−1 denote the conditional variance-covariance

matrix of ϕt given It−1. Let Σt|t denote the conditional variance-covariance matrix of ϕt given It.

Let Σ1 and Σ0 denote limt→∞Σt|t−1 and limt→∞Σt|t, respectively. Objective (10) and constraint

(11) depend on Σ1 and Σ0. The assumption that the optimal action follows a stationary process

ensures that Σ1 and Σ0 are well-defined. One can relax the stationarity assumption. Lemmas
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1 and 2 and Propositions 1-5 extend to the case of a non-stationary ARMA(p,q) process for the

optimal action so long as all moments appearing in the proofs of the lemmas and propositions are

well-defined. This requires that the agent is given some initial information and that the parameter

κ is sufficiently large.18

Multiple shocks. In reality, the optimal action may be driven by multiple shocks. To fix ideas,

assume that the optimal action equals the sum of two components, Xt = X1,t+X2,t, where X1,t and

X2,t follow independent Gaussian processes, X1,t follows an ARMA(p1, q1) process, and X2,t follows

an ARMA(p2, q2) process, with p1, p2, q1, q2 finite. In the price-setting application presented at the

end of Section 3, X1,t can be the log of the desired markup driven by shocks to the elasticity of

substitution between goods and X2,t can be the log of marginal cost driven by productivity shocks.

The agent chooses the number of signals, the content of the signals, and the variance-covariance

matrix of noise in the signals. The agent’s information set is given by equation (8). Each signal in

the signal vector SK
t = (St,1, . . . , St,K)

0 can be about a different linear combination of current and

past X1,t, current and past X2,t, and current and past innovations

SK
t = A1X

M
1,t +A2X

M
2,t +B1ε

N
1,t +B2ε

N
2,t + ψK

t ,

where XM
j,t = (Xj,t, . . . ,Xj,t−M+1)

0 and εNj,t = (εj,t, . . . , εj,t−N+1)
0 for j = 1, 2. The agent aims to

minimize the mean squared error (10), subject to the information flow constraint. In the information

flow constraint, we now measure the information flow about both components of the optimal action

lim
T→∞

1

T
I
¡
X̄1,0, X̄2,0,X1,1,X2,1, . . . ,X1,T ,X2,T ;S

K
1 , . . . , S

K
T

¢
≤ κ. (30)

What are the properties of the optimal signal vector? The analytical results of Sections 3 and

4.1 extend in a straightforward way to the case of multiple shocks. The version of Lemma 1 for

multiple shocks reads: The information flow constraint (30) is equivalent to the information flow

constraint (14), where the vector ϕt is any vector with the properties: (i) X
M
1,t,X

M
2,t, ε

N
1,t, ε

N
2,t can be

computed from ϕt, and (ii) ϕt contains no redundant elements. The version of Proposition 1 for

multiple shocks reads: Any optimal signal vector is on linear combinations of the elements of ξ1,t

and ξ2,t only, where ξ1,t and ξ2,t are defined as in equation (16) for X1,t and X2,t separately. The

18 In the AR(1) case and in the ARMA(1,q) case, the precise condition is 22κ > φ21. For the precise condition in

the AR(2) case, see the proof of Proposition 4.
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version of Proposition 2 for multiple shocks reads: The agent can attain the optimum with K ≤ 2.

That is, the agent can restrict attention to one- and two-dimensional signals.

A new question arises: Is the optimal signal vector one-dimensional, even though the optimal

action is driven by multiple shocks? Consider a simple case. Suppose that each component of the

optimal action follows an AR(1) process, X1,t = φ1,1X1,t−1+θ1,0ε1,t and X2,t = φ2,1X2,t−1+θ2,0ε2,t.

The results stated in the previous paragraph imply that any optimal signal vector is on linear

combinations of X1,t and X2,t only and that the agent can restrict attention to signals with K ≤ 2.

If φ1,1 = φ2,1 ≡ φ1, the optimal action follows an AR(1) process with innovation (θ1,0ε1,t + θ2,0ε2,t):

Xt = φ1Xt−1 + (θ1,0ε1,t + θ2,0ε2,t) .

In this case, it is straightforward to show that the optimal signal is of the form St = hXt+ψt. That

is, the optimal signal is one-dimensional and it is directly on the optimal action, Xt = X1,t +X2,t.

However, if φ1,1 6= φ2,1, the optimal action in period t and the optimal action in period t + 1

depend on different linear combinations of X1,t and X2,t, because Xt = X1,t +X2,t while Xt+1 =

φ1,1X1,t + φ2,1X2,t + (θ1,0ε1,t+1 + θ2,0ε2,t+1). We studied this case numerically. We find that the

optimal signal is one-dimensional, the optimal signal is on a linear combination of X1,t and X2,t,

and it converges to a signal on Xt = X1,t + X2,t as the information flow parameter κ becomes

large. We also studied numerically the general case where X1,t follows an ARMA(p1, q1) process

and X2,t follows an ARMA(p2, q2) process. The optimal signal is one-dimensional, it is on a linear

combination of the elements of ξ1,t and ξ2,t (with non-zero weights on all elements of ξ1,t and ξ2,t),

and the optimal signal converges to a signal on Xt = X1,t+X2,t as the information flow parameter

κ becomes large.

More general objective. Propositions 1-2 also hold for more general objectives. Proposition

1 holds for any objective that is a function only of the elements of Σ0, while Proposition 2 holds

for any objective that is a function only of the elements of Σ0 and has the property that pure delay

in the arrival of signals makes the agent worse off.

Restrictions on signal vector. Two restrictions on the signal vector (9) may in principle

be binding. First, M and N are assumed to be finite. Second, the vector of signal noise, ψK
t , is

assumed to follow a vector white noise process. However, the nature of the solution (i.e., the fact

that any optimal signal vector is on linear combinations of the elements of ξt only) suggests that

the first restriction is not binding. Furthermore, in the next section we demonstrate numerically
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that the solution of Sims’s rational inattention problem (1)-(3) equals the solution of the rational

inattention problem (7)-(11). This numerical finding suggests that the second restriction is also

not binding.

5 Examples

This section presents example solutions and demonstrates numerically that the solution of Sims’s

rational inattention problem (1)-(3) equals the solution of our rational inattention problem (7)-(11).

Figure 1 displays an example solution of Sims’s problem. Recall that in Sims’s problem the

agent chooses directly a process for the action, Yt. Let us solve our problem (7)-(11) assuming the

same finite-order MA process for the optimal action, Xt, as in Figure 1. That is, let us compute

the optimal signal about Xt and the implied process for the action, Yt = E [Xt | It]. Figure 4 shows

the implied process for the action. Compare Figure 4 with Figure 1. The two figures are identical.

The solution of Sims’s problem equals the solution of our problem.

Figure 5 presents two other examples. In the left column, we suppose that Xt follows an AR(3)

process whose characteristic polynomial has complex roots. The top panel displays the solution

for Yt by “brute-force” optimization (Sims’s problem). To obtain this solution, we compute the

(infinite-order) MA representation of Xt and truncate it at a large but finite lag n. We then solve

numerically for the coefficients bs and cs in the MA representation of Yt (see equation (2)). The

bottom panel shows the corresponding solution of our problem. Here we compute the optimal signal

about Xt and the implied process for the action, Yt = E [Xt | It]. The two solutions are identical.

The solution of Sims’s problem equals the solution of our problem.

In the right column of Figure 5 we suppose that Xt follows an ARMA(2,1) process. Compare

the solution of Sims’s problem (top panel) with the solution of our problem (bottom panel). Again,

the two solutions are identical. Note also that in each column of Figure 5, as in Figures 1 and 4, the

agent responds with delay to an innovation in the optimal action and the agent’s action contains

noise.

We have solved many other examples. The solution of Sims’s problem always equals the solution

of our problem.

We think that solving a dynamic rational inattention problem via our approach has advantages.
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We provide an interpretation of actions under rational inattention in a dynamic setting as actions

based on optimal signals. Moreover, the optimal signals have a simple form and there is clear

intuition, given in Section 4, for why the optimal signals have this particular simple form.

There are also computational advantages. With “brute-force” optimization, a truncation of the

MA representation of Xt is necessary in the AR(p) case and in the ARMA(p,q) case. Moreover, the

number of unknowns can be very large (in principle, 2(n+1) where n is a large number) implying

that numerical optimization can be time-consuming. By contrast, when the solution is based on an

optimal signal there is no need to approximate Xt or Yt. The number of unknowns is equal to the

number of weights in the optimal signal, and thus in many cases the number of unknowns is small.

In each example in Figure 5 there are only three unknowns implying a very short computational

time (less than one fifth of a second on a laptop).

6 Optimal signals in a model of price-setting

Solving for signals that are optimal under rational inattention yields new insights regarding dynamic

economic behavior. Let us illustrate this point using two macroeconomic models.

In this section, we consider the model of price-setting proposed by Woodford (2002). Woodford

supposes that monopolistically competitive firms set prices based on noisy signals about nominal

aggregate demand. He shows that in this environment a nominal disturbance can have large and

persistent real effects. His model has become a benchmark in the literature on price-setting and

in the literature on business cycle models with information frictions. Woodford assumes that firms

set prices based on signals of the form “nominal aggregate demand plus i.i.d. noise.” We resolve

the model with signals that are optimal under rational inattention.

Model. Woodford’s model features an economy with a continuum of firms indexed by i ∈ [0, 1].

Firm i sells good i. In every period, firm i sets the price of good i to maximize the present discounted

value of profits. Since the firm can reset the price next period, this is equivalent to setting the

price to maximize current profit. After a log-quadratic approximation to the profit function, the

loss in profit in the case of a deviation of the actual price, pit, from the profit-maximizing price,

p∗it, is proportional to (p
∗
it − pit)

2. Therefore, a firm’s optimal price given any information set Iit is
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pit = E [p∗it | Iit]. The profit-maximizing price can be written as

p∗it = ξqt + (1− ξ) pt, (31)

where qt is nominal aggregate demand, pt is the aggregate price level, and ξ ∈ (0, 1] is a parameter

reflecting the degree of strategic complementarity in price setting.

Woodford assumes that in every period the decision-maker in firm i observes a signal about

nominal aggregate demand given by

Sit = qt + vit, (32)

where vit is a Gaussian white noise error term, distributed independently both of the history of

fundamental disturbances and of the observation errors of all other firms. The information set

of the decision-maker who is setting the price in period t includes any initial information and all

signals received up to this point in time, Iit = Ii,0 ∪ {Si1, . . . , Sit}. Nominal aggregate demand

follows an exogenous stochastic process given by

qt = (1 + ρ) qt−1 − ρqt−2 + σεt, (33)

where ρ ∈ [0, 1) and σ > 0 are parameters and εt follows a Gaussian white noise process with unit

variance. The price level is given by the integral over all the individual prices

pt =

Z 1

0
pitdi, (34)

and output yt can be computed from the relation yt = qt − pt.

The dynamic rational inattention problem. In the rational inattention version of the

model, firms choose the signal properties to maximize expected profit subject to the information

flow constraint. In period zero, the decision-maker in firm i solves

min
K,A,B,Σψ

E

" ∞X
t=1

βt (p∗it −E [p∗it | Iit])2
#
,

where β ∈ (0, 1) is a parameter, subject to the information flow constraint (11) with Xt = p∗it,

Iit = Ii,0 ∪
©
SK
i1 , . . . , S

K
it

ª
,

and

SK
it = A

⎛⎜⎜⎜⎝
p∗it
...

p∗i,t−M+1

⎞⎟⎟⎟⎠+B

⎛⎜⎜⎜⎝
εt
...

εt−N+1

⎞⎟⎟⎟⎠+ ψK
it ,
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where ψK
it follows a Gaussian vector white noise process with variance-covariance matrix Σψ. The

decision-maker minimizes the expected discounted sum of profit losses due to suboptimal pricing.

She understands that in every period t ≥ 1 she will set the price equal to the conditional expectation

of the profit-maximizing price and she will remember past signals. The signal vector in period t

can be K-dimensional and can be about any linear combination of current and past values of the

profit-maximizing price and current and past values of the nominal shock.

After the decision-maker has chosen the signal properties in period zero, she receives a long

sequence of signals in period zero such that conditional second moments are independent of time

(and hence can be evaluated using the steady-state Kalman filter). In particular, the mean squared

error, E
h
(p∗it −E [p∗it | Iit])

2
i
, is constant for all t ≥ 1. Therefore, the firms’ objective simplifies to

β/ (1− β) times E
h
(p∗it −E [p∗it | Iit])

2
i
and is simply a monotone transformation of the objective

in Section 2 (equation (10)).19

Price-setting behavior and real effects of nominal shocks. To see how rational inatten-

tion affects price-setting behavior, let us focus on the case when ξ = 1 (no strategic complementarity

in price setting). The profit-maximizing price is then equal to nominal aggregate demand, p∗it = qt

(equation (31)). Since nominal aggregate demand follows an AR(2) process (equation (33)), the

profit-maximizing price simply follows an AR(2) process. The analytical results in Section 4 imply

that in this case one can restrict attention to signals of the form

Sit = h1qt + h2qt−1 + ψit, (35)

where ψit follows a Gaussian white noise process.
20 Notice that Woodford’s assumption (32)

amounts to a simple restriction h2 = 0. In effect, Woodford assumes that the firm learns only

about the current profit-maximizing price. However, Proposition 4 implies that if ρ 6= 0 then

h2 6= 0. The optimal signal is on both the current profit-maximizing price and the best predictor of

next period’s profit-maximizing price. The best predictor of next period’s profit-maximizing price

equals (1 + ρ) qt − ρqt−1. Hence, the optimal signal weight on qt−1 is non-zero. Since the price is

set based on a signal on both the current profit-maximizing price and the best predictor of next

period’s profit-maximizing price, price-setting behavior is forward-looking.

To investigate to what extent Woodford’s restriction on the signal matters, we assume his
19Woodford (2002) also uses the steady-state Kalman filter to compute conditional second moments.
20We follow Woodford (2002) in assuming that the noise term ψit is independent across firms.
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parameter values.21 Furthermore, we suppose that the information flow in the model with optimal

signals (the model with Sit given by equation (35)) is equal to the information flow in the Woodford

model (the model with Sit given by equation (32)). Thus decision-makers process the same amount

of information in both models. The only difference is that in one model decision-makers use optimal

signals, whereas in the other model decision-makers use restricted signals.22

The top panel in Figure 6 compares the equilibrium impulse responses of output to a nominal

disturbance in the two models. Woodford’s restriction on the signal matters a lot. The real

effects of a nominal disturbance are much weaker in the model with optimal signals than in the

Woodford model. With optimal signals the variance of output falls by 60 percent. A decision-maker

in the model with optimal signals uses a given amount of information as efficiently as possible.

Consequently, the tracking of the profit-maximizing price is more accurate and a nominal shock

has weaker real effects than in the Woodford model. Moreover, the difference between the two

models can be sizable.

While the real effects are weaker in the model with optimal signals, they aremore persistent than

in the Woodford model. In the top panel of Figure 6, the impulse response of output to a nominal

shock decays more slowly in the model with optimal signals than in the Woodford model. The

shape of the impulse response function changes due to forward-looking price-setting behavior. Let

us explain. First, as in Section 4.3 one can write the optimal signal (equation (35)) as a signal about

a weighted average of current nominal aggregate demand and the best predictor of next period’s

nominal aggregate demand, S0it = ωqt + (1− ω) ((1 + ρ) qt − ρqt−1) + (ψit, where ( is a constant.

By contrast, Woodford’s signal (equation (32)) has a weight of one on current nominal aggregate

demand, a weight of zero on the best predictor of next period’s nominal aggregate demand, and a

greater precision (the variance of the noise term in Woodford’s signal is smaller than the variance

of the noise term in S0it).
23 Second, the best predictor of next period’s nominal aggregate demand

assumes different values on impact of a shock and in the long run. On impact the best predictor

21The exception is that for the moment we set ξ = 1 whereas Woodford focuses on the case when ξ = 0.15.
22The information flow in the Woodford model, κW , can be computed from the formula κW = (1/2) log2 σ2q,1/σ

2
q,0 ,

where σ2q,1 is the prior variance of nominal aggregate demand and σ2q,0 is the posterior variance of nominal aggregate

demand, in steady state. We solve for h2 and σ2ψ in the model with optimal signals by applying the analytical results

from Section 4 and setting κ = κW .
23Recall that the optimal signal and Woodford’s signal are parameterized to yield the same information flow.
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of qt+1 equals (1 + ρ) qt. The optimal signal then has a weight on qt of ω+(1− ω) (1 + ρ), or close

to 2 in our example, larger than the weight of one in Woodford’s signal.24 With a larger weight

on qt in the signal, prices react more strongly in the rational inattention model implying that on

impact the real effects are smaller than in the Woodford model. Third, as time goes to infinity

the best predictor of qt+1 approaches qt. Hence in the long run the optimal signal has a weight of

one on qt, the same weight as Woodford’s signal. Since in addition Woodford’s signal has a greater

precision, eventually prices react faster in the Woodford model implying that the real effects are

more persistent in the model with optimal signals.

Next, consider the case of ξ = 0.15 as in Woodford (2002). With ξ 6= 1 the profit-maximizing

price depends on an endogenous variable, the price level. We guess that in equilibrium the profit-

maximizing price follows an ARMA(p,q) process where p ≥ 1 and q ≥ 0 are integers. Given the

guess, we apply the analytical results from Section 4 to establish the form of an optimal signal. For

example, if the profit-maximizing price follows an ARMA(2,2) process, one can restrict attention

to signals of the form

Sit = p∗it + h2p
∗
i,t−1 + h3εt + h4εt−1 + ψit. (36)

We let the decision-maker in firm i choose the optimal signal weights (h2, h3, and h4 in the

ARMA(2,2) example) and the variance of noise σ2ψ to maximize profits, subject to the information

flow constraint. We then obtain the price level from the relation pt =
R 1
0 pitdi, and we compute

the profit-maximizing price using equation (31). As before, the information flow in the model with

optimal signals is set equal to the information flow in the Woodford model.25

The bottom panel in Figure 6 compares the equilibrium impulse responses of output to a

nominal disturbance in the two models in the case of ξ = 0.15. The real effects of a nominal

disturbance are still weaker in the model with optimal signals than in the Woodford model. The

reason is that the same amount of information is always used more efficiently in the former model

than in the latter. However, the difference between the two models is now small. With strategic

complementarity in price setting (ξ < 1), the response of the profit-maximizing price to a nominal

shock weakens implying that the firms’ tracking problem becomes easier. The Lagrange multiplier

24 In our example ρ = 0.9 and 1− ω = 0.987.
25We verify that we cannot reduce the difference between the guessed profit-maximizing price and the actual

profit-maximizing price by adding parameters to the law of motion for p∗it.
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on the information flow constraint falls. With a small Lagrange multiplier on the information flow

constraint, it is unimportant that the firm is receiving a suboptimal signal in the Woodford model.26

An implication for microeconomic price data. Carlsson and Skans (2012) test models of

price-setting using firm-level data on prices and unit labor costs from Sweden. The authors find

that prices depend on current and expected future marginal cost. They conclude that this finding

is consistent with the well-known Calvo model of price-setting. Our analysis makes it clear that

this finding is also consistent with rational inattention. Think of the profit-maximizing price, p∗it,

as proportional to marginal cost. Our analysis implies that, in general, firms subject to rational

inattention are learning about both current and expected future marginal cost. Therefore, prices

set under rational inattention depend on both current and expected future marginal cost.

Conclusion. Price-setting behavior under rational inattention is forward-looking. Therefore, a

model of price-setting under rational inattention makes different predictions, in particular about the

real effects of nominal shocks, than a model of price-setting with exogenous imperfect information

such as the model of Woodford (2002).

7 Optimal signals in a business cycle model with news shocks

As another application, in this section we consider a simple business cycle model with news shocks.

Here by a “news shock” we mean a change in productivity that one can learn about before it

actually occurs in production.27 While news shocks seem a plausible source of the business cycle,

it has proven difficult to construct models in which the business cycle is driven by news shocks.

The key problem is that good news about future productivity makes agents wealthier and, in a

neoclassical environment, this wealth effect increases both consumption and leisure, reducing labor

input through a reduction in labor supply. With capital predetermined and current productivity

unchanged, the decrease in labor input pushes output down.28

26One can introduce strategic substitutability in price-setting (ξ > 1). The difference between the two models

becomes larger, rather than smaller, compared with the case of ξ = 1.
27For simplicity, in this section we write “news shocks” instead of “news shocks about productivity.”
28The most popular model generating a business cycle expansion in response to a positive news shock is Jaimovich

and Rebelo (2009). The model has three key elements: preferences that allow the modeler to parameterize the strength

of short-run wealth effects on the labor supply, variable capital utilization, and adjustment costs to investment. See

Lorenzoni (2011) for a review of the literature on news shocks.
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Rational inattention is a force pushing labor input up after a positive news shock, because

rationally inattentive firms choose not to distinguish carefully between current and future increases

in productivity and thus a news shock causes an increase in labor demand. We illustrate this point

in a simple model in which firms make a labor-hiring decision subject to rational inattention and

households are hand-to-mouth consumers. In the model, rational inattention causes labor input

and output to rise following a positive news shock. To the best of our knowledge, no one has

proposed this explanation before.

Model. There is a continuum of firms indexed by i ∈ [0, 1]. All firms produce the same good

using an identical technology represented by the production function

Yit = eztLαN1−α
it ,

where Yit is output of firm i in period t, Nit is labor input, and α ∈ (0, 1) is a parameter. The

owner of the firm provides an entrepreneurial input L and chooses labor input in every period.

Productivity follows the process

zt = ρzt−1 + σεt−k,

with ρ ∈ (0, 1), σ > 0, εt ∼ iid N (0, 1), and k > 0. The fact that the productivity shock has a

subscript t − k means that a productivity shock drawn in period t − k affects actual productivity

with a k period delay. As a result, one can learn about productivity changes k periods in advance.

The productivity shock is also called a news shock.

There is a representative household. In every period, the household chooses labor supply so as

to maximize period utility
C1−γt − 1
1− γ

− N1+ψ
t

1 + ψ
,

subject to the budget constraint

Ct =WtNt,

where Ct is consumption, Wt is the real wage, and Nt is labor supply. The preference parameters

satisfy γ > 0 and ψ ≥ 0. For simplicity, we assume that the household cannot save. This assumption

can be relaxed. See the discussion below.

In every period, each entrepreneur makes the hiring decision under rational inattention. The

representative household makes the labor supply decision under perfect information. The labor
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market is perfectly competitive, i.e., entrepreneurs and the representative household take the real

wage as given. The real wage adjusts so as to equate labor supply and labor demand

Nt =

Z 1

0
Nitdi.

The dynamic rational inattention problem. Profits of firm i in period t equal

eztLαN1−α
it −WtNit.

The profit-maximizing labor input of firm i in period t is given by

N∗
it =

∙
Wt

(1− α) eztLα

¸− 1
α

.

Taking logs and letting small letters denote logs of capital letters yields

n∗it =
1

α
ln [(1− α)Lα] +

1

α
(zt − wt) .

After a log-quadratic approximation to the profit function, the profit loss in the case of a deviation of

the actual labor input, nit, from the profit-maximizing labor input, n∗it, is proportional to (n
∗
it − nit)

2

and a firm’s optimal hiring decision given any information set Iit is nit = E [n∗it | Iit].

The dynamic rational inattention problem of the entrepreneur is a special case of the problem

from Section 3. The entrepreneur tracks an optimal action, n∗it, that follows a serially correlated

Gaussian process. The entrepreneur chooses how to pay attention to n∗it. The signals in period t can

be about any linear combination of current and past n∗it and current and past εt. The entrepreneur

remembers all signals and aims to minimize the mean squared error, E
h
(n∗it −E [n∗it | Iit])

2
i
.29

We now show that a positive news shock raises output in the initial periods under rational

inattention, even though it has no effect on output in the initial periods under perfect information.

No output response on impact under perfect information. As a benchmark, we first

present the equilibrium under perfect information. For ease of exposition, assume 1α ln [(1− α)Lα] =

0 and consider the log-linearized labor market clearing condition30

nt =

Z 1

0
nitdi.

29Recall that one can think of the agent as choosing the properties of the signal in an initial period so as to

minimize the discounted sum of future mean squared errors. After the agent has chosen the properties of the signal,

the agent receives a long sequence of signals such that the mean squared error is the same in every period and thus

the discounted sum of mean squared errors is proportional to the mean squared error in any period. See Section 3.
30The original labor market clearing condition yields the same equilibrium under perfect information.
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Under perfect information, the household chooses the utility-maximizing labor supply, all entrepre-

neurs choose the profit-maximizing labor input, and the labor market clearing condition reads

1− γ

ψ + γ
wt =

1

α
(zt − wt) .

Thus, the market clearing wage equals

wt =
1
α

1−γ
ψ+γ +

1
α

zt ≡ ζzt,

and the equilibrium labor input equals

nt =
1

α
(1− ζ) zt.

A positive news shock has no effect on labor input and output until productivity actually increases,

because there is no reason for firms to hire more labor before productivity actually increases. A

news shock increases output with a k period delay.

An expansion on impact under rational inattention. To develop intuition for the impli-

cations of rational inattention, imagine for the moment that a measure zero of firms are subject

to rational inattention and all other firms have perfect information. Since all other firms have

perfect information, the market clearing wage still equals wt = ζzt, and thus the profit-maximizing

labor input equals n∗it =
1
α (1− ζ) zt. Furthermore, suppose that one can learn about innova-

tions in productivity one period in advance, and thus productivity follows an ARMA(1,1) process

zt = φ1zt−1+θ0εt+θ1εt−1 with φ1 = ρ, θ0 = 0, and θ1 = σ. Propositions 1 and 2 (and the fact that

n∗it is proportional to zt) imply that an entrepreneur subject to rational inattention can restrict

attention to signals of the form

Sit = h1zt + h2εt + ψit,

where ψit is a noise term that follows a Gaussian white noise process. Proposition 5 implies that

h2 6= 0. The optimal signal is on both current productivity and the best predictor of next period’s

productivity. The best predictor of next period’s productivity equals ρzt+θ1εt. Hence, the optimal

signal weight on the news shock, εt, is non-zero. On impact of a positive news shock, εt > 0, the

signal increases. (Think of the signal as analogous to a stock price that moves in response to

innovations in both current productivity and expected future productivity.) Since the entrepreneur

has chosen not to distinguish carefully between changes in current productivity and changes in

expected future productivity, the entrepreneur starts hiring already today.
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The optimal signal has very different implications for actions than a signal of the form “current

productivity plus i.i.d. noise” or a signal of the form “the news shock plus i.i.d. noise.” With either

of those alternative signals, the entrepreneur does not hire more labor on impact of a positive

news shock. The entrepreneur hires more labor only when productivity actually increases (in the

following period in this example).

Solving the model in the case when all firms are subject to rational inattention is slightly more

complicated, because the market clearing real wage is no longer simply equal to wt = ζzt and

thus the profit-maximizing labor input that entrepreneurs are tracking is no longer simply equal

to n∗it =
1
α (1− ζ) zt. In general, the profit-maximizing labor input depends on the real wage,

which depends on the behavior of other firms. Formally, substituting the household’s optimality

condition, wt =
ψ+γ
1−γ nt, and the labor market clearing condition, nt =

Z 1

0
nitdi, into the equation

for the profit-maximizing labor input, n∗it =
1
α (zt − wt), yields

n∗it =
1

α
zt −

1

α

ψ + γ

1− γ

Z 1

0
nitdi.

With γ < 1 actions of different firms are strategic substitutes. The profit-maximizing labor input

is a decreasing function of the real wage, which is an increasing function of the aggregate labor

input. To solve for the equilibrium law of motion for the profit-maximizing labor input, we employ

a guess and verify method. We guess that the profit-maximizing labor input follows an ARMA(p,q)

process. Given the guess, we apply the analytical results from Section 4 to establish the form of

an optimal signal and we compute the optimal signal weights and the implied actions. We then

calculate the actual law of motion for the profit-maximizing labor input from the last equation. If

the actual law of motion for the profit-maximizing labor input differs from our guess, we update

the guess until a fixed point is reached.

Figure 7 plots the equilibrium impulse response of aggregate labor input to a news shock as-

suming γ = 1/3, ψ = 0, α = 3/4, ρ = 0.9, σ = 0.01, and k = 8.31 Labor input rises coincident with

a positive innovation in εt, and a boom develops before productivity actually rises. Positive news

shocks produce an expansion, because rationally inattentive firms choose not to distinguish care-

fully between current and future increases in productivity and thus a positive news shock causes an

increase in labor demand. For comparison, Figure 7 also shows the equilibrium labor input in the
31We use a value of the information-processing parameter κ such that the equilibrium per period profit loss from

rational inattention, expressed as a fraction of the steady-state wage bill, is equal to 0.0001.
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case when entrepreneurs in all firms have perfect information. In that case, a productivity shock

drawn in period one affects labor input only in period nine.

Discussion. One can relax the model’s simplifying assumptions. For example, if one supposed

that the representative household can save and has preferences as in Greenwood, Hercowitz, and

Huffman (1988), the solution of the model would be identical for particular parameter values.

Furthermore, with standard preferences and variable capital, a news shock would have additional

effects (the reduction in labor supply due to the wealth effect after a positive news shock, and the

fall in investment to finance the rise in consumption). It is a quantitative question whether the

effect of rational inattention identified here would be strong enough to produce an increase in hours

worked on impact of a positive news shock in that standard neoclassical setup.

Conclusion. With firms subject to rational inattention, a positive news shock about produc-

tivity increases labor demand on impact. This new effect will help models produce business cycle

comovement in response to news shocks.

8 Implications for expectations data

In this section, we discuss implications of the optimal rational inattention signal for expectations

data. The main takeaway is that the optimal rational inattention signal generates a combination

of backward-looking expectations and forward-looking expectations.

The optimal rational inattention signal generates backward-looking expectations, because the

noise in the signal implies that the agent puts weight on the prior. Consider the AR(1) case as an

example. In this case, the variable being tracked, Xt, follows an AR(1) process, the optimal rational

inattention signal is St = Xt+ψt (Proposition 3), and the standard Kalman filter equations imply

that the conditional expectation of Xt+1 given information in period t equals

E [Xt+1|It] = φ1E [Xt|It] = φ1 [E [Xt|It−1] +K (Xt + ψt −E [Xt|It−1])] ,

where K is the weight on the period t signal. Note that the period t expectation of the variable in

period t+ 1 is a function of the period t signal and the period t− 1 expectation of the variable in

period t. The noise in the signal implies that K < 1 and thus the agent puts weight on the prior.

Muth (1960) made a similar observation by pointing out that an optimal forecast can look like

“adaptive expectations.” In his model, an agent forecasts next period’s value of a variable of interest,
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Zt+1, based on observations of current and past values of the variable, Zt, Zt−1, Zt−2, ... The

variable of interest, Zt, equals the sum of two components — a permanent component, Xt, following a

random walk and a transitory component, ψt, following a white noise process. The optimal forecast

of the permanent component is given by the previous equation with φ1 = 1. Noting that the forecast

of the variable equals the forecast of the permanent component, E [Zt+1|It] = E [Xt+1|It], and using

that the variable equals the sum of the permanent and the transitory component, Zt = Xt + ψt,

yields

E [Zt+1|It] = E [Zt|It−1] +K (Zt −E [Zt|It−1]) .

Muth (1960) pointed out that the last equation is identical to the “adaptive expectations” equation

assumed by Cagan (1956) and many others

Ze
t+1 = Ze

t + β (Zt − Ze
t ) ,

where Ze
t is the time t − 1 expectation of Zt and β is an exogenous coefficient. Of course, Muth

(1960) also emphasized that the K in the optimal forecast is endogenous, whereas the β in the

“adaptive expectations” equation is exogenous.

In the rational inattention model, the variable ψt is the noise in the optimal signal rather than

the transitory component of the variable of interest. Moreover, beyond the AR(1) case, the optimal

rational inattention signal is on the current optimal action and the best predictors of future optimal

actions (see Section 4). Hence, beyond the AR(1) case, the rational inattention model generates

a combination of backward-looking expectations (due to the noise in the signal and the resulting

weight on the prior, see the previous paragraphs) and forward-looking expectations (due to the fact

that the optimal signal is also on the best predictors of future optimal actions).

9 Conclusions

We have characterized analytically the optimal signals for dynamic rational inattention problems

as in Sims (2003). The optimal signals have a simple, intuitive form. The analytical results make

it clear that information choice and actions under rational inattention in a dynamic setting are

forward-looking.

With this paper’s results at hand, it is straightforward to solve for optimal signals in economic

applications. With firms subject to rational inattention, a positive news shock increases labor
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demand on impact, which helps a model produce business cycle comovement in response to news

shocks. Prices depend on current and expected future marginal cost, and the real effects of nominal

disturbances are weaker but more persistent than in a benchmark model with exogenous imperfect

information.

In this paper, we have focused on dynamic rational inattention problems in which the objective

is quadratic, the optimal action follows a Gaussian process, and the agent makes a date-zero

information choice. It would be interesting to investigate whether this paper’s results also hold in

settings with a non-quadratic objective, non-Gaussian shocks, and sequential information choice.

We do find the setup with date-zero information choice quite realistic, because it captures the idea

that agents think infrequently about the optimal allocation of attention and then allocate their

attention accordingly.
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A Proof of Lemma 1

On the left-hand side of the information flow constraint (11), the sequence of optimal actions can

be replaced by the sequence of innovations to the optimal action, because
¡
X̄0,X1, . . . ,XT

¢
can be

computed from
¡
X̄0, ε1, . . . , εT

¢
and vice versa

lim
T→∞

1

T
I
¡
X̄0,X1, . . . ,XT ;S

K
1 , . . . , S

K
T

¢
= lim

T→∞

1

T
I
¡
X̄0, ε1, . . . , εT ;S

K
1 , . . . , S

K
T

¢
.

Let εt = {ε1, . . . , εt} denote the history of innovations to the optimal action at time t. Let SK,t =©
SK
1 , . . . , S

K
t

ª
denote the history of signals at time t. We now show that

lim
T→∞

1

T
I
¡
X̄0, ε

T ;SK,T
¢
= lim

T→∞

£
H
¡
ϕT |SK,T−1¢−H

¡
ϕT |SK,T

¢¤
,

where the vector ϕT is defined in Lemma 1.

The mutual information between two random vectors is symmetric and equals the difference

between entropy and conditional entropy. Thus

I
¡
X̄0, ε

T ;SK,T
¢
= I

¡
SK,T ; X̄0, ε

T
¢
= H

¡
SK,T

¢
−H

¡
SK,T |X̄0, ε

T
¢
.

The chain rule for entropy implies that, ∀τ ≥ 2 and ∀T ≥ τ ,

H
¡
SK,T

¢
= H

¡
SK,τ−1¢+ TX

t=τ

H
¡
SK
t |SK,t−1¢ ,

and

H
¡
SK,T |X̄0, ε

T
¢
= H

¡
SK,τ−1|X̄0, εT

¢
+

TX
t=τ

H
¡
SK
t |SK,t−1, X̄0, ε

T
¢
.

We now rewrite the last term on the right-hand side of the last equation. The signal SK
t depends

only on XM
t , ε

N
t , and ψ

K
t for given A and B. One can compute XM

t and εNt from the vector ϕt de-

fined in Lemma 1, implying H
¡
SK
t |SK,t−1, ϕt

¢
= H

¡
ψK
t

¢
. In the following, let τ = max {M,N, 2}.

For t ∈ {τ , . . . , T}, one can also compute XM
t and εNt from X̄0 and εT . Hence, for t ∈ {τ , . . . , T},

H
¡
SKt |SK,t−1, X̄0, ε

T
¢
= H

¡
ψK
t

¢
= H

¡
SK
t |SK,t−1, ϕt

¢
.

Collecting results yields that, ∀T ≥ τ ,

I
¡
X̄0, ε

T ;SK,T
¢
= H

¡
SK,τ−1¢−H

¡
SK,τ−1|X̄0, εT

¢
+

TX
t=τ

£
H
¡
SK
t |SK,t−1¢−H

¡
SK
t |SK,t−1, ϕt

¢¤
.
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Next, it follows from the definition and the symmetry of mutual information that

H
¡
SKt |SK,t−1¢−H

¡
SK
t |SK,t−1, ϕt

¢
= I

¡
SK
t ;ϕt|SK,t−1¢ = H

¡
ϕt|SK,t−1¢−H

¡
ϕt|SK,t−1, SK

t

¢
.

Collecting results yields that, ∀T ≥ τ ,

I
¡
X̄0, ε

T ;SK,T
¢
= H

¡
SK,τ−1¢−H

¡
SK,τ−1|X̄0, ε

T
¢
+

TX
t=τ

£
H
¡
ϕt|SK,t−1¢−H

¡
ϕt|SK,t

¢¤
. (37)

Finally, we show in Appendix B that the following limit exists

lim
T→∞

£
H
¡
ϕT |SK,T−1¢−H

¡
ϕT |SK,T

¢¤
.

Equation (37) and Cesaro mean then imply

lim
T→∞

1

T
I
¡
X̄0, ε

T ;SK,T
¢
= lim

T→∞

£
H
¡
ϕT |SK,T−1¢−H

¡
ϕT |SK,T

¢¤
. (38)

B Proof of Proposition 1

We now show that if a signal vector does not have the property stated in Proposition 1, then there

exists another signal vector that yields the same value of the objective with strictly less information

flow.

First, the signal (9) has the following state-space representation

ϕt+1 = Fϕt + vt+1, (39)

SK
t = G0ϕt + ψK

t , (40)

where the vector ϕt is defined as

ϕt =

⎧⎨⎩
¡
Xt, . . . ,Xt−max{M,N+p}+1

¢0 if q = 0¡
εt, . . . , εt−q+1,Xt, . . . ,Xt−max{M,N+p−q}+1

¢0 if q ≥ 1
.

The matrix F is a square matrix and the length of the column vector vt+1 equals the length of the

column vector ϕt+1. In the AR(p) case and the white noise case (i.e., q = 0), the first element

of vt+1 equals θ0εt+1 and the first row of the matrix F ensures that the first row of equation (39)

equals the law of motion for Xt. The next max {M,N + p}− 1 elements of vt+1 equal zero and the

next max {M,N + p}− 1 rows of the matrix F have a one just left of the main diagonal and zeros
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everywhere else. In the ARMA(p,q) case and the MA(q) case with q ≥ 1 (i.e., q ≥ 1), the vector

vt+1 has q additional elements on top and the matrix F has q additional rows on top. The first

additional element of vt+1 equals εt+1 and the remaining additional elements of vt+1 equal zero.

The first additional row of the matrix F contains only zeros and the remaining additional rows

of the matrix F have a one just left of the main diagonal and zeros everywhere else. Finally, the

matrix G is the matrix for which equation (40) equals equation (9). Such a matrix exists because

XM
t and εNt can be computed from ϕt.

Second, let Σt|t−1 denote the conditional variance-covariance matrix of ϕt given SK,t−1 and let

Σt|t denote the conditional variance-covariance matrix of ϕt given SK,t. Furthermore, let Σ1 and

Σ0 denote limt→∞Σt|t−1 and limt→∞Σt|t, respectively. Recall that Xt follows a stationary process.

It follows from Propositions 13.1-13.2 in Hamilton (1994) that limt→∞Σt|t−1 and limt→∞Σt|t exist

and are given by

Σ1 = F
h
Σ1 −Σ1G

¡
G0Σ1G+R

¢−1
G0Σ1

i
F 0 +Q,

Σ0 = Σ1 −Σ1G
¡
G0Σ1G+R

¢−1
G0Σ1,

where Q denotes the variance-covariance matrix of the innovation in the state equation (39) and R

denotes the variance-covariance matrix of the innovation in the observation equation (40).

Third, one can express the information flow constraint (11) in terms of the matrices Σ1 and Σ0.

According to Lemma 1 the information flow constraint (11) is equivalent to

lim
T→∞

£
H
¡
ϕT |SK,T−1¢−H

¡
ϕT |SK,T

¢¤
≤ κ. (41)

Conditional normality implies that

H
¡
ϕT |SK,T−1¢−H

¡
ϕT |SK,T

¢
=
1

2
log2

µ
detΣT |T−1
detΣT |T

¶
.

Hence, the information flow constraint (11) is equivalent to

1

2
log2

µ
detΣ1
detΣ0

¶
≤ κ. (42)

Fourth, let us split the vector ϕt into two sub-vectors, denoted ξt and χt. The vector ξt is
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defined as

ξt =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

Xt if p = 0 and q = 0¡
Xt, . . . ,Xt−(p−1)

¢0 if p ≥ 1 and q = 0¡
εt, . . . , εt−(q−1),Xt

¢0 if p = 0 and q ≥ 1¡
εt, . . . , εt−(q−1),Xt, . . . ,Xt−(p−1)

¢0 if p ≥ 1 and q ≥ 1

.

The vector χt contains the remaining elements of ϕt. Note that the conditional variance-covariance

matrix of ξt given S
K,t is the upper-left (d× d) sub-matrix of Σt|t, where d is the number of elements

of the vector ξt. Furthermore, note that the objective (10) is simply an element of the upper-left

(d× d) sub-matrix of Σ0. Moreover, the information flow constraint (41) can be written as

lim
T→∞

£
H
¡
ξT |SK,T−1¢−H

¡
ξT |SK,T

¢
+H

¡
χT |SK,T−1, ξT

¢
−H

¡
χT |SK,T , ξT

¢¤
≤ κ.

Next, compare two signal vectors with M > p and N > q that yield the same upper-left (d× d)

sub-matrix of Σ0. One signal vector has the property

∀j > p : Aij = 0

∀j > q : Bij = 0
, (43)

while the other signal vector does not have this property. Both signal vectors imply the same value

of the objective (10), because the objective is an element of the upper-left (d× d) sub-matrix of

Σ0. Furthermore, both signal vectors generate the same limit

lim
T→∞

£
H
¡
ξT |SK,T−1¢−H

¡
ξT |SK,T

¢¤
,

because both signal vectors yield the same upper-left (d× d) sub-matrix of Σ0 by assumption and

they also generate the same upper-left (d× d) sub-matrix of Σ1, because Xt follows an ARMA(p,q)

process. Finally, the difference

H
¡
χT |SK,T−1, ξT

¢
−H

¡
χT |SK,T , ξT

¢
is non-negative, since conditioning weakly reduces entropy, and it equals zero if and only if condition

(43) is satisfied. Hence, both signal vectors imply the same value of the objective, but the second

signal vector is associated with strictly more information flow.

Fifth, we show that for any signal vector violating condition (43) there exists a signal vec-

tor satisfying condition (43) that yields the same upper-left (d× d) sub-matrix of Σ0. For any
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variance-covariance matrices Σ̃1 and Σ̃0, there exists a signal generating the posterior variance-

covariance matrix Σ̃0 from the prior variance-covariance matrix Σ̃1 if and only if Σ̃1− Σ̃0 is positive

semi-definite. Consider a signal
n
K, Â, B̂, Σ̂ψ

o
violating condition (43) that yields the variance-

covariance matrices Σ1 and Σ0. Since Σ0 is generated from Σ1 by the signal, then Σ1 − Σ0 must

be positive semi-definite. By Sylvester’s criterion (Bazaraa et al., 2013), the upper-left (d× d)

sub-matrix of Σ1 − Σ0 is positive semi-definite, too. Using the statement above, this implies that

there exists a signal {K,A,B,Σψ} satisfying condition (43) that generates the upper-left (d× d)

sub-matrix of Σ0 from the upper-left (d× d) sub-matrix of Σ1.

C Proof of Proposition 2

The proof consists of two steps. Recall that the vector ξt is defined in equation (16). In the first step,

we show that without loss in generality one can restrict attention to signal vectors SK
t = G0ξt+ψK

t

with lower triangular matrix G and diagonal, positive definite precision matrix Σ−1ψ . In the second

step, we show that any optimal signal vector of this form has the property that all rows of G0 apart

from the first one contain only zeros.

First, without loss in generality one can restrict attention to signal vectors S̃K
t = ξt + ψ̃

K
t with

positive semi-definite precision matrix Σ−1
ψ̃
. Bayesian updating implies

Σ−10 = Σ−1
ψ̃
+Σ−11 ,

where Σ1 is the prior variance-covariance matrix of ξt and Σ0 is the posterior variance-covariance

matrix of ξt. Objective (10) and constraint (11) depend only on Σ1 and Σ0. The objective is

an element of Σ0, and the information flow is given by the ratio of determinants of Σ1 and Σ0.

Therefore, it suffices to show that for any Σ1 and Σ0 such that Σ1 − Σ0 is positive semi-definite,

there exists a positive semi-definite precision matrix Σ−1
ψ̃
such that

Σ−1
ψ̃
= Σ−10 −Σ−11 .

Note that if Σ1−Σ0 is positive semi-definite, then so is Σ−10 −Σ−11 . Signals of the given form thus

suffice to reproduce any feasible Σ1 and Σ0.

Next, for any signal vector S̃K
t = ξt + ψ̃

K
t with positive semi-definite precision matrix Σ−1

ψ̃
,

there exists a signal vector SK
t = G0ξt +ψK

t with lower triangular matrix G and diagonal, positive
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definite precision matrix Σ−1ψ that contains the same information. In the case of a positive definite

precision matrix Σ−1
ψ̃
, the triangular factorization of Σ−1

ψ̃
implies that

Σ−1
ψ̃
= LDL0,

where L is a lower triangular matrix with ones along the principal diagonal and D is a diagonal

matrix with Dii > 0 for all i. The matrix L0 is invertible. Multiplying the original signal vector

S̃K
t by L0 yields the new signal vector SK

t = L0ξt + ψK
t with diagonal precision matrix D, and

multiplying the new signal vector SK
t by L0−1 recovers the original signal vector S̃K

t . Hence, the

two signal vectors contain the same information. When Σ−1
ψ̃
is not positive definite, some signals

have zero precision. In this case, one can define a new signal vector, which contains only the signals

with positive precision, construct a new signal vector as before, and note that the new signal vector

is again of the form SK
t = G0ξt + ψK

t , where now some rows of G contain only zeros.

Second, thus far we have shown that without loss in generality one can restrict attention to

signal vectors SK
t = G0ξt + ψK

t with lower triangular matrix G and diagonal, positive definite

precision matrix Σ−1ψ . We now show that any optimal signal vector of this form has the property

that all rows of G0 apart from the first row contain only zeros.

In the case when Xt follows an AR(1) process or a white noise process, we have ξt = Xt and

SK
t = G0ξt + ψK

t is a one-dimensional signal. Next, consider the case when Xt follows an AR(p)

process with p ≥ 1. In this case, we have ξt =
¡
Xt, . . . ,Xt−(p−1)

¢0 and the first signal is on a linear
combination of Xt, . . . ,Xt−(p−1), the second signal is on a linear combination of Xt−1, . . . ,Xt−(p−1),

the third signal is on a linear combination of Xt−2, . . . ,Xt−(p−1), and the pth signal is on Xt−(p−1).

Note that all signals apart from the first signal are only about the past. We now show that

any optimal signal vector of the form SK
t = G0ξt + ψK

t must have the property that all rows of

G0 apart from the first row contain only zeros. Suppose that the second row of G0 contained a

non-zero element. Generate a new matrix G̃0 by shifting the elements of the second row of the

original matrix G0 to the left. In words, the signal on Xt−1, . . . ,Xt−(p−1) is replaced by a signal on

Xt, . . . ,Xt−(p−2) in every period. The only change in the history of signals SK,T =
©
SK
1 , . . . , S

K
T

ª
is

that the signal on XT , . . . ,XT−(p−2) is added and the signal on X0, . . . ,X−p+2 is lost. This change

in the matrix G0 reduces the value of the loss function without affecting information flow. The loss

function is the limit as T →∞ of the conditional variance of XT given SK,T , lim
T→∞

V ar
¡
XT |SK,T

¢
.

The loss of the signal on X0, . . . ,X−p+2 does not affect the value of this loss function, while the
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addition of the signal on XT , . . . ,XT−(p−2) reduces the value of this loss function. The information

flow equals

lim
T→∞

£
H
¡
XT , . . . ,XT−(p−1)|SK,T−1¢−H

¡
XT , . . . ,XT−(p−1)|SK,T

¢¤
.

Using the chain rule for entropy the information flow can be written as

lim
T→∞

⎡⎣ H
¡
XT−1, . . . ,XT−(p−1)|SK,T−1¢+H

¡
XT |XT−1, . . . ,XT−(p−1), S

K,T−1¢
−H

¡
XT , . . . ,XT−(p−2)|SK,T

¢
−H

¡
XT−(p−1)|XT , . . . ,XT−(p−2), S

K,T
¢
⎤⎦ .

The limit of the first term equals the limit of the third term, and thus information flow equals

lim
T→∞

£
H
¡
XT |XT−1, . . . ,XT−(p−1), S

K,T−1¢−H
¡
XT−(p−1)|XT , . . . ,XT−(p−2), S

K,T
¢¤
.

Recall that the only change in the history of signals SK,T =
©
SK
1 , . . . , S

K
T

ª
is that the signal on

XT , . . . ,XT−(p−2) is added and the signal on X0, . . . ,X−p+2 is lost. The addition of the signal on

XT , . . . ,XT−(p−2) to SK,T does not change the second term. Similarly, the addition of the signal

on XT−1, . . . ,XT−(p−1) to SK,T−1 does not change the first term. Hence, information flow remains

unchanged. The same argument can be repeated for the third row to the pth row of the matrix G0.

It follows that any optimal signal vector of the form SK
t = G0ξt+ψK

t must have the property that

the second row to the pth row of the matrix G0 contain only zeros.

When the optimal action follows an MA(q) process with q ≥ 1, the proof needs to be modified

slightly, because the vector ξt =
¡
Xt, εt, . . . , εt−(q−1)

¢0 contains more than one element that depends
on the current shock εt: the optimal action, Xt, and the shock itself, εt. In this case, one can go

through the same two steps with the state vector ξ̂t =
¡
εt, . . . , εt−(q−1), εt−q

¢0 instead of the state
vector ξt =

¡
Xt, εt, . . . , εt−(q−1)

¢0: (i) without loss in generality one can restrict attention to signal
vectors SK

t = G0ξ̂t + ψK
t with lower triangular matrix G and diagonal, positive definite precision

matrix Σ−1ψ , and (ii) any optimal signal vector of this form has the property that all rows of G0

apart from the first row contain only zeros. To complete the proof, one only needs to note that any

one-dimensional signal on ξ̂t can also be written as a one-dimensional signal on ξt.

Similarly, when the optimal action follows an ARMA(p,q) process, the proof needs to be mod-

ified slightly, because the vector ξt =
¡
Xt, . . . ,Xt−(p−1), εt, . . . , εt−(q−1)

¢0 contains more than one
element that depends on the current shock εt: the optimal action, Xt, and the shock itself, εt. In
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this case, one can go through the same two steps with the state vector

ξ̂t =

⎧⎨⎩
¡
Xt, . . . ,Xt−(p−1),Xt − θ0εt, εt−1, . . . , εt−(q−1)

¢0 if θ0 6= 0¡
Xt+1,Xt, . . . ,Xt−(p−1), εt−1, . . . , εt−(q−1)

¢0 if θ0 = 0
.

The state vector ξ̂t has the property that only one element depends on the current shock: Xt if

θ0 6= 0 and Xt+1 if θ0 = 0. After going through the same two steps as before with the state

vector ξ̂t, one only needs to note that any one-dimensional signal on ξ̂t can also be written as a

one-dimensional signal on ξt.

D First-order conditions

In this appendix, we first show how one can compute the partial derivatives of each element of Σ1

with respect to the elements of the vector of signal weights, h. We then state first-order conditions

for the optimal signal weights. These first-order conditions are necessary conditions.

Substituting equation (29) into equation (28) and rearranging yields

Σ1 − F

"
Σ1 −

¡
1− 2−2κ

¢
h0Σ1h

Σ1hh
0Σ1

#
F 0 −Q = 0. (44)

This equation gives Σ1 as an implicit function of F , Q, h, and κ. Changing a single element of the

vector of signal weights h potentially affects all elements of Σ1. Let Σ1,ij denote the i,j-element of

Σ1 and let d = max {1, p}+ q. The derivatives (dΣ1,ij/dhl) for i, j = 1, . . . , d and l = 2, . . . , d are

given by

∀l = 2, . . . , d :
dX

i=1

dX
j=1

Zij dΣ1,ij
dhl

+ Zl = 0. (45)

Here the (d× d) matrix Z denotes the left-hand side of equation (44), the (d× d) matrix Zij

denotes the derivative of Z with respect to Σ1,ij , i.e.,

Zij =

⎡⎢⎢⎢⎣
∂Z11
∂Σ1,ij

· · · ∂Z1,d
∂Σ1,ij

...
. . .

...
∂Zd,1
∂Σ1,ij

· · · ∂Zd,d
∂Σ1,ij

⎤⎥⎥⎥⎦ ,
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and the (d× d) matrix Zl denotes the derivative of Z with respect to hl, i.e.,

Zl =

⎡⎢⎢⎢⎣
∂Z11
∂hl

· · · ∂Z1,d
∂hl

...
. . .

...
∂Zd,1
∂hl

· · · ∂Zd,d
∂hl

⎤⎥⎥⎥⎦ .
One can give closed form expressions for Zij and Z l, which depend on Σ1. Let 1ij denote

a (d× d) matrix whose i, j-element equals one and whose other elements equal zero. Let 1l de-

note a (d× 1) vector whose lth element equals one and whose other elements equal zero. It is

straightforward to show that

Zij = 1ij − F1ijF 0 −
¡
1− 2−2κ

¢
(h0Σ1h)

2 h01ijhFΣ1hh
0Σ1F

0

+

¡
1− 2−2κ

¢
h0Σ1h

F
£
1ijhh0Σ1 +Σ1hh

01ij
¤
F 0,

and

Zl = −
¡
1− 2−2κ

¢
(h0Σ1h)

2

∙³
1l
´0
Σ1h+ h0Σ1

³
1l
´¸

FΣ1hh
0Σ1F

0

+

¡
1− 2−2κ

¢
h0Σ1h

F

∙
Σ1

³
1l
´
h0Σ1 +Σ1h

³
1l
´0
Σ1

¸
F 0.

Finally, when p ≥ 2, the objective (27) equals Σ1,22, because the second element of the state

vector ξt equals Xt−1 and Σ1 is the variance-covariance matrix of the state vector given information

at time t − 1. In this case, normalizing the first signal weight to one (h1 = 1), the first-order

conditions for the optimal signal weights are simply

∀l = 2, . . . , d : dΣ1,22
dhl

= 0. (46)

In the case of p ≤ 1 and max {1, p}+ q ≥ 2 (i.e., in the case of an ARMA(1,q) process or an MA(q)

process), the first-order conditions are only marginally more complicated and are omitted here to

save space. For an example, see the proof of Proposition 5.

Solving the system of equations (44)-(46) for the (d× d) symmetric matrix Σ1, the d2 (d− 1)

derivatives (dΣ1,ij/dhl), and the (d− 1) signal weights h2, . . . , hd yields signal weights that satisfy

the first-order conditions.
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E Proof of Proposition 4

Equation (45) at p = 2 and h2 = 0 reads

Z11
dΣ1,11
dh2

+ Z12
dΣ1,12
dh2

+ Z21
dΣ1,21
dh2

+ Z22
dΣ1,22
dh2

+ Z2 = 0, (47)

with

Z11 =

⎡⎣ 1− φ212
−2κ − φ22

¡
1− 2−2κ

¢ Σ1,12Σ1,21
Σ21,11

−φ12−2κ

−φ12−2κ −2−2κ

⎤⎦ ,
Z12 =

⎡⎣ −φ1φ22−2κ + φ22
¡
1− 2−2κ

¢ Σ1,21
Σ1,11

1

−φ22−2κ 0

⎤⎦ ,
Z21 =

⎡⎣ −φ1φ22−2κ + φ22
¡
1− 2−2κ

¢ Σ1,12
Σ1,11

−φ22−2κ

1 0

⎤⎦ ,
Z22 =

⎡⎣ −φ22 0

0 1

⎤⎦ ,
Z2 =

¡
1− 2−2κ

¢ Σ1,11Σ1,22 −Σ1,12Σ1,21
Σ1,11

⎡⎣ 2φ1φ2 + φ22
Σ1,12+Σ1,21

Σ1,11
φ2

φ2 0

⎤⎦ .
Equation (44) at p = 2 and h2 = 0 implies

Σ1,22 = 2−2κΣ1,11, (48)

Σ1,12 = Σ1,21 =
φ1

22κ − φ2
Σ1,11, (49)

Σ1,11 =
θ20

1− 2−2κ
¡
φ21 + φ22

¢
− 2−2κ 2φ21φ2

22κ−φ2
+
(1−2−2κ)φ21φ22
(22κ−φ2)2

. (50)

In the case of a stationary AR(2) process, the denominators in equations (49) and (50) are positive.

In the case of a non-stationary AR(2) process, these denominators are positive if and only if

22κ − φ2 > 0 and
¡
22κ − φ22

¢ £
24κ + φ22 − 22κ

¡
φ21 + 2φ2

¢¤
> 0.

Equation (47) is a system of four linear equations in dΣ1,11
dh2

, dΣ1,12
dh2

, dΣ1,21
dh2

, and dΣ1,22
dh2

. Solving this

system for dΣ1,22
dh2

and using equations (48)-(50) yields

dΣ1,22
dh2

= −2φ1φ2
¡
1− 2−2κ

¢
Σ1,11

(22κ − φ2)
2| {z }

>0

.

Hence, in the AR(2) case, the first-order condition (46) is satisfied at h2 = 0 if and only if φ1φ2 = 0.
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F Proof of Proposition 5

Equation (45) at p = 1, q = 1, and h2 = 0 reads

Z11
dΣ1,11
dh2

+ Z12
dΣ1,12
dh2

+ Z21
dΣ1,21
dh2

+ Z22
dΣ1,22
dh2

+ Z2 = 0,

with

Z11 =

⎡⎣ 1− φ212
−2κ − θ21

¡
1− 2−2κ

¢ Σ1,12Σ1,21
Σ21,11

0

0 0

⎤⎦ ,
Z12 =

⎡⎣ −φ1θ12−2κ + θ21
¡
1− 2−2κ

¢ Σ1,21
Σ1,11

1

0 0

⎤⎦ ,
Z21 =

⎡⎣ −φ1θ12−2κ + θ21
¡
1− 2−2κ

¢ Σ1,12
Σ1,11

0

1 0

⎤⎦ ,
Z22 =

⎡⎣ −θ21 0

0 1

⎤⎦ ,
and

Z2 =
¡
1− 2−2κ

¢ Σ1,11Σ1,22 −Σ1,12Σ1,21
Σ1,11

⎡⎣ 2φ1θ1 + θ21
Σ1,12+Σ1,21

Σ1,11
0

0 0

⎤⎦ .
These equations imply

dΣ1,12
dh2

=
dΣ1,21
dh2

=
dΣ1,22
dh2

= 0,

and

0 =

"
1− φ212

−2κ − θ21
¡
1− 2−2κ

¢ Σ1,12Σ1,21
Σ21,11

#
dΣ1,11
dh2

+
¡
1− 2−2κ

¢ Σ1,11Σ1,22 −Σ1,12Σ1,21
Σ1,11

∙
2φ1θ1 + θ21

Σ1,12 +Σ1,21
Σ1,11

¸
.

Equation (44) at p = 1, q = 1, and h2 = 0 reads

Σ1 =

⎡⎣ φ212
−2κΣ1,11 + φ1θ12

−2κ (Σ1,12 +Σ1,21) + θ21

h
Σ1,22 −

¡
1− 2−2κ

¢ Σ1,21Σ1,12
Σ1,11

i
0

0 0

⎤⎦+
⎡⎣ θ20 θ0

θ0 1

⎤⎦ .
When θ0 = 0, the last equation implies

Σ1,22 = 1,Σ1,12 = Σ1,21 = 0,Σ1,11 =
θ21

1− φ212
−2κ ,
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and the previous equation can be written as

dΣ1,11
dh2

= −
¡
1− 2−2κ

¢¡
1− φ212

−2κ¢2φ1θ1. (51)

Furthermore, in the case of p = 1 and q = 1, equation (29) reads⎡⎣ Σ0,11 Σ0,12

Σ0,21 Σ0,22

⎤⎦
=

⎡⎣ Σ1,11 − ¡1− 2−2κ¢ (Σ1,11+h2Σ1,12)(Σ1,11+h2Σ1,21)Σ1,11+h2Σ1,12+h2Σ1,21+h22Σ1,22
Σ1,12 −

¡
1− 2−2κ

¢ (Σ1,11+h2Σ1,12)(Σ1,12+h2Σ1,22)
Σ1,11+h2Σ1,12+h2Σ1,21+h22Σ1,22

Σ1,21 −
¡
1− 2−2κ

¢ (Σ1,21+h2Σ1,22)(Σ1,11+h2Σ1,21)
Σ1,11+h2Σ1,12+h2Σ1,21+h22Σ1,22

Σ1,22 −
¡
1− 2−2κ

¢ (Σ1,21+h2Σ1,22)(Σ1,12+h2Σ1,22)
Σ1,11+h2Σ1,12+h2Σ1,21+h22Σ1,22

⎤⎦ .
The upper-left equation implies that the derivative of Σ0,11 with respect to h2 at the point h2 = 0

equals
dΣ0,11
dh2

= 2−2κ
dΣ1,11
dh2

. (52)

It follows from equations (51) and (52) that in the ARMA(1,1) case with φ1 6= 0, θ1 6= 0, and

θ0 = 0 the optimal signal weight on εt is always non-zero.

G Proof of Proposition 6

Let h be a vector of signal weights and Σ0,Σ1 denote posterior and prior variance-covariance

matrices that are solutions to Kalman filter equations (28)-(29) for h. Let ĥ = (1, 0, 0, ...), i.e., it

represents a strategy that puts zero weights on past states; and let Σ̂0, Σ̂1 denote the corresponding

solutions to (28)-(29). Note that if κ approaches infinity, then uncertainty and thus losses under ĥ

approach zero, and thus so must also losses from any optimal strategy.

Under any h, the agent allocates information capacity (κ − κ0) to the current optimal action

Xt, while κ0 ≥ 0 is devoted to components of the uncertainty that are orthogonal to uncertainty

about Xt. Under ĥ, all of the capacity κ is devoted to Xt, i.e., κ0 = 0.

The Kalman filter equation (29) for the vector of weights h implies:

Σ1,10 = 2−2(κ−κ
0)
³
θ20 +

¡
FΣ0F

0¢1,1´ , (53)

where M1,1 denotes the 1-1 element of a matrix M . In (53), we used the fact that devoting an

amount C of information capacity to tracking a normally distributed random variable of variance
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σ2 implies posterior variance of σ22−2C . Similarly for the weights ĥ, we get:

Σ̂1,10 = 2−2κ
µ
θ20 +

³
F Σ̂0F

0
´1,1¶

. (54)

Now, we can express the difference between expected losses from an optimal h and ĥ.

Σ1,10 − Σ̂
1,1
0 = 2−2κ

∙
(22κ

0 − 1)θ20 +
µ
22κ

0 ¡
FΣ0F

0¢1,1 − ³F Σ̂0F 0´1,1¶¸ . (55)

For any κ, if h is optimal, then the RHS of (55) must always be less or equal to zero.

We will show by contradiction that as κ → ∞, in a sequence of optimal h for such levels of

information flows, κ0 approaches zero. Let us thus assume that κ0 does not approach zero. In this

case, there exists a lower bound m, such that there always exists an arbitrarily large κ for which

(22κ
0 − 1)θ20 > m. Moreover, we will show that

µ
22κ

0
(FΣ0F

0)1,1 −
³
F Σ̂0F

0
´1,1¶

, the second term

in the bracket on the RHS of (55), is positive or approaches zero. Therefore, the RHS of (55) is for

any such κ positive, which implies that h is suboptimal to h∗, which is a contradiction.

First, the term 22κ
0
(FΣ0F

0)1,1 is positive. Second,
³
F Σ̂0F

0
´1,1

approaches zero as κ → ∞.³
F Σ̂0F

0
´1,1

is the part of prior uncertainty about Xt that is driven by all past shocks, excluding

the current shock εt. If the agent did not pay any attention to any shock, this variance would be

equal to some σ2tot, which is finite, because Xt follows a stationary process. Since the agent devotes

under ĥ information capacity of exactly κ to each shock, then³
F Σ̂0F

0
´1,1

= 2−2κσ2tot,

which approaches zero as κ→∞.

Putting this together implies that in a sequence of optimal strategies, κ0 must approach zero,

i.e., the agent does not resolve any uncertainty beyond that about Xt. Otherwise there would

always exist an arbitrarily large κ for which the RHS of (55) would be positive, and thus h would

not be an optimal strategy, which is a contradiction.
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[13] Matějka, Filip and Alisdair McKay (2015). “Rational Inattention to Discrete Choices: A New

Foundation for the Multinomial Logit Model.” American Economic Review, 105(1), 272-298.

[14] Muth, John F. (1960). “Optimal Properties of Exponentially Weighted Forecasts.” Journal of

the American Statistical Association, 55(290), 299-306.

[15] Paciello, Luigi, and Mirko Wiederholt (2014). “Exogenous Information, Endogenous Informa-

tion, and Optimal Monetary Policy.” Review of Economic Studies, 81(1), 356-388.

[16] Sims, Christopher A. (1998). “Stickiness.” Carnegie-Rochester Conference Series on Public

Policy, 49(1), 317-356.

[17] Sims, Christopher A. (2003). “Implications of Rational Inattention.” Journal of Monetary

Economics, 50(3), 665-690.

[18] Sims, Christopher A. (2010). “Rational Inattention and Monetary Economics.” in Handbook

of Monetary Economics, Volume 3, edited by Benjamin M. Friedman and Michael Woodford,

155-181. Elsevier.

[19] Steiner, Jakub, Colin Stewart, and Filip Matějka (2017). “Rational Inattention Dynamics:
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Figure 1: Dynamic rational inattention problem in Sims (2003), example
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Figure 3: Optimal signal as function of κ, AR(2) example
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Figure 4: Dynamic rational inattention problem in this paper, Xt assumed identical to Figure 1
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Figure 5: Examples of the dynamic rational inattention problem

AR(3) example, brute-force optimization

 

 
Xt to εt, as in eq. (2)

Yt to εt, bs in eq. (2)

Yt to νt, cs in eq. (2)
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Right column: φ1 = 1.3, φ2 = -0.4, θ0 = 0.5, θ1 = -0.1, h1 = 1, h2 = -0.275, h3 = -0.069, σψ = 1.349.

AR(3) example, optimal signal with i.i.d. noise
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ARMA(2,1) example, brute-force optimization
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ARMA(2,1) example, optimal signal with i.i.d. noise
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Figure 6: Impulse response of output to a nominal shock, Woodford model and model with optimal signals
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Figure 7: The impulse response of labor input to a productivity shock
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