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Lq wkhvh qrwhv/ zh irupdoo| vkrz lq wkdw zkhq dvvhw sulfhv iroorz gl�xvlrq surfhvvhv dqg

wudglqj lv frqwlqxrxv/ wkhq wkh devhqfh ri duelwudjh doorzv xv wr ydoxh dvvhwv xvlqj wkh _ulvn0

qhxwudo% ru _pduwlqjdoh sulflqj% whfkqltxh1 Xqghu wkhvh frqglwlrqv/ d frqwlqxrxv0wlph _vwdwh

sulfh gh�dwru% ru _sulflqj nhuqho% dovr h{lvwv1

L1 Qr Duelwudjh Lpsolhv wkh H{lvwhqfh ri dq Htxlydohqw Pduwlqjdoh Phdvxuh

Ohw V eh wkh ydoxh ri d ulvn| dvvhw zklfk iroorzv wkh surfhvv

gV @ �7gw. �7gZ +4,

zkhuh erwk �7 dqg �7 pd| eh ixqfwlrqv ri V dqg w1 Iru vlpsolflw|/ zh dvvxph wkdw �7/ �7 / dqg

gZ duh vfdodu surfhvvhv1 Odwhu zh zloo glvfxvv krz wkh prgho fdq eh jhqhudol}hg wr doorz iru

pxowlsoh vrxufhv ri xqfhuwdlqw|1 Qrz ohw i +V> w, ghqrwh wkh ydoxh ri d frqwlqjhqw fodlp zkrvh

sd|r� ghshqgv vroho| rq V dqg w1 Iurp Lwar*v ohppd/ zh nqrz wkdw wklv ydoxh vdwlv�hv

gi @ �sgw. �sgZ +5,

zkhuh �s @ i| . �7i7 . �
2�

2
7i77 dqg �s @ �7i7 / dqg wkh vxevfulswv rq i ghqrwh sduwldo

ghulydwlyhv1

Qh{w/ iroorzlqj Eodfn dqg Vfkrohv +4<:6,/ frqvlghu iruplqj d sruwirolr ri �4 xqlwv ri wkh

frqwlqjhqw fodlp dqg i7 xqlwv ri wkh ulvn| dvvhw1 Ohw Y eh wkh ydoxh ri wklv sruwirolr1 Wkhq

Y @ �i . i7V +6,

dqg wkh fkdqjh lq ydoxh ri wklv sruwirolr ryhu wkh qh{w lqvwdqw lv

gY @ �gi . i7gV +7,

4



@ ��sgw� �sgZ . i7�7gw. i7�7gZ

@ ^i7�7 � �s `gw

Vlqfh wkh sruwirolr lv ulvnohvv/ wkh devhqfh ri duelwudjh lpsolhv wkdw lw pxvw hduq wkh ulvn0iuhh

udwh1 Ghqrwlqj wkh +srvvleo| vwrfkdvwlf, lqvwdqwdqhrxv ulvn0iuhh udwh dv u +w,/ zh kdyh�

gY @ ^i7�7 � �s ` gw @ uY gw @ u^�i . i7V`gw +8,

zklfk lpsolhv

i7�7 � �s @ u^�i . i7V` +9,

Li zh vxevwlwxwh �s @ i|.�7i7.
�
2�

2
7i77 lqwr +9,/ zh rewdlq d Eodfn0Vfkrohv0Phuwrq htxloleulxp

sduwldo gl�huhqwldo htxdwlrq1

4

5
�27i77 . uVi7 � ui . i| @ 3 +:,

Krzhyhu/ frqvlghu d gl�huhqw lqwhusuhwdwlrq ri htxdwlrq +9,1 Vxevwlwxwh i7 @
js
j7

lqwr +9, dqg

uh0duudqjh wr rewdlq

�7 � uV

�7
@
�s � ui

�s
� � +w, +;,

Frqglwlrq +;, lv wkh xvxdo qr0duelwudjh frqglwlrq wkdw uhtxluhv d xqltxh pdunhw sulfh ri ulvn1

Zh ghqrwh wklv sulfh ri ulvn dv � +w,1 Wkhq wkh vwrfkdvwlf surfhvv iru wkh frqwlqjhqw fodlp fdq

eh zulwwhq dv

gi @ �sgw. �sgZ @ ^ui . ��s `gw. �sgZ +<,

�6Lh t�4T*�U�|)c �i �@�i @tt�4i_ |�@| |�i UL?|�?}i?| U*@�4<t �@*�i _iTi?_t L?*) L? @ t�?}*i h�t!) @tti| Th�Uic
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|�@| �tc s E7c oc |�� Wuc uLh i @4T*ic |�i �?|ihit| h@|i uL**L�i_ |�i ThLUitt _o ' >o Eo� _| n jo Eo� _`o ��ihi _`o
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Zh qrz dsso| Jluvrqry*v Wkhruhp/ zklfk vd|v wkdw d fkdqjh lq wkh Eurzqldq prwlrq surfhvv/

zklfk fkdqjhv wkh ixwxuh suredelolw| glvwulexwlrq iru dvvhw sulfhv/ doorzv xv wr dgmxvw wkh guliw

ri d gl�xvlrq surfhvv wr doprvw dq| ghvluhg ohyho1 Zh gr wklv e| gh�qlqj d surfhvv �Z| @

Z| .
U |
f � +�,g�/ vr wkdw g �Z| @ gZ| . � +w,gw1 Wkhq +<, fdq eh uhzulwwhq=

gi @ uigw. �sg �Z +43,

Khqfh/ frqyhuwlqj iurp wkh Eurzqldq prwlrq surfhvv gZ wr g �Z / zklfk uhpryhv wkh ulvn0

suhplxp ��s iurp wkh �uvw whup rq wkh uljkw0kdqg vlgh ri +<,/ uhvxowv lq wkh h{shfwhg udwh

ri uhwxuq ri i ehlqj htxdo wr wkh ulvn0iuhh udwh li zh qrz ylhzhg g �Z / udwkhu wkdq gZ / dv d

Eurzqldq prwlrq surfhvv1 Wkh suredelolw| glvwulexwlrq ri ixwxuh ydoxhv ri i wkdw duh jhqhudwhg

e| g �Z / zklfk zh fdq ghqrwh dv �S / lv uhihuuhg wr dv wkh ulvn0qhxwudo phdvxuh12 Wklv ulvn0qhxwudo

phdvxuh lv _htxlydohqw% wr wkh ruljlqdo _sk|vlfdo% suredelolw| phdvxuh iru i / ghqrwhg dv S / lq

wkdw dq| ixwxuh ydoxh ri i wkdw kdv srvlwlyh suredelolw| +ghqvlw|, xqghu wkh sk|vlfdo phdvxuh dovr

kdv srvlwlyh suredelolw| +ghqvlw|, xqghu wkh ulvn0qhxwudo phdvxuh1 Zh fdq qh{w vkrz wkdw wkh

frqwlqjhqw fodlp*v _gh�dwhg% sulfh surfhvv zloo eh d pduwlqjdoh xqghu wkh suredelolw| phdvxuh

�S 1 Ohw E +w, eh wkh ydoxh ri d _prqh| pdunhw ixqg% zklfk lqyhvwv lq wkh lqvwdqwdqhrxv pdwxulw|

ulvn0iuhh dvvhw1 Dovr dvvxph E +3, @ 41 Wkhq

gE@E @ u+w,gw +44,

Qrwh wkdw E +w, @ E +3, h
U |

f
oEr�_r @ h

U |

f
oEr�_r1 Qrz gh�qh I +w, � i+w,@E+w, dv wkh gh�dwhg sulfh

surfhvv iru wkh frqwlqjhqw fodlp1 D wulyldo dssolfdwlrq ri Lwar*v ohppd jlyhv

gI @
4

E
gi � i

E2
gE @ uIgw.

�s
E
g �Z � uIgw +45,

@ �8g �Z

zkhuh �8 � I�s@i lv wkh lqvwdqwdqhrxv vwdqgdug ghyldwlrq ri wkh uhwxuq rq I 1 Wkxv/ wkh

gh�dwhg sulfh surfhvv xqghu wkh htxlydohqw suredelolw| phdvxuh jhqhudwhg e| g �Z iroorzv d

2A�i h�t!�?i�|h@* ThLM@M�*�|) 4i@t�hi �t Lu|i? hiuihhi_ |L @t |�i 'c h@|�ih |�@? h� c 4i@t�hi�
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pduwlqjdoh surfhvv=

I +w, @ �H| ^I +W ,` +46,

zkhuh �H| ghqrwhv wkh h{shfwdwlrq rshudwru xqghu wkh suredelolw| phdvxuh jhqhudwhg e| g �Z 1 Wr

vxppdul}h/ wkh devhqfh ri duelwudjh lpsolhv wkh h{lvwhqfh ri dq htxlydohqw suredelolw| phdvxuh

vxfk wkdw wkh gh�dwhg sulfh surfhvv lv d pduwlqjdoh1 Qrwh wkdw +46, krogv iru dq| gh�dwhg

frqwlqjhqw fodlp/ lqfoxglqj wkh gh�dwhg xqghuo|lqj ulvn| dvvhw/ V@E/ vlqfh zh frxog gh�qh wkh

frqwlqjhqw fodlp dv i @ V1

Qrz li zh uh0zulwh +46, lq whupv ri wkh xqgh�dwhg frqwlqjhqw fodlpv sulfh/ zh rewdlq

i+w, @ E+w, �H|

�
i +W ,

4

E +W ,

�
+47,

@ �H|

�
h3

U A

|
oEr�_ri +W ,

�

Htxdwlrq +47, fdq eh lqwhusuhwhg dv d vroxwlrq wr wkh sduwldo gl�huhqwldo htxdwlrq +:, dqg/

lqghhg/ lv uhihuuhg wr dv wkh Ih|qpdq0Ndf vroxwlrq1� Iurp d frpsxwdwlrqdo srlqw ri ylhz/

htxdwlrq +47, vd|v wkdw zh fdq sulfh +ydoxh, d ghulydwlyh vhfxulw| e| wdnlqj wkh h{shfwhg ydoxh

ri lwv glvfrxqwhg sd|r�/ zkhuh zh glvfrxqw dw wkh ulvn0iuhh udwh exw dovr dvvxph wkdw zkhq

wdnlqj wkh h{shfwdwlrq ri i +W , wkdw wkh udwh ri uhwxuq rq i +dqg doo rwkhu dvvhw sulfhv/ vxfk

dv V, htxdov wkh ulvn0iuhh udwh1 Wklv dq dwwudfwlyh zd| ri fdofxodwlqj wkh ghulydwlyh*v ydoxh

ehfdxvh qr dvvxpswlrq uhjduglqj wkh pdunhw sulfh ri ulvn lv uhtxluhg1 Wklv surfhgxuh lv dovr

wkh lghd ehklqg wkh Fr{0Urvv ulvn0qhxwudo ydoxdwlrq whfkqltxh1 Htxlydohqwo|/ xvlqj htxdwlrq

+46, uhtxluhv wkdw wr ydoxh i +w, @E +w,/ zh wdnh wkh h{shfwdwlrqv ri wkh gh�dwhg sulfh surfhvv/

zkhuh wklv gh�dwhg surfhvv kdv }hur guliw1

LL1 Wkh Qr Duelwudjh Frqglwlrq Dovr Ghwhuplqhv d Sulflqj Nhuqho

Wklv lv qrw wkh �uvw wlph wkdw zh kdyh wdnhq h{shfwdwlrqv wr ydoxh d vhfxulw|1 Uhfdoo lq wkh

vwdqgdug lqwhuwhpsrudo frqvxpswlrq0sruwirolr fkrlfh sureohp zlwk wlph0vhsdudeoh xwlolw| wkdw

�AL tL*�i E.�c @ ML�?_@h) UL?_�|�L? uLh |�i _ih��@|��i �t ?ii_i_� 6Lh i @4T*ic �? |�i U@ti Lu @ ,�hLTi@? U@**
LT|�L? �| �L�*_ Mi s EA � ' 4@ dfc 7 EA �3fo� A�i tL*�|�L? }��i? M) E�e� �?ULhTLh@|it |��t ML�?_@h) UL?_�|�L?c
s EA ��
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zh rewdlqhg wkh Hxohu frqglwlrq

i +w, @ H| ^i +k,P�@P|` +48,

ru

4 @ H| ^U�P�@P|` +48*,

zkhuh P| @ XS+F|> w, zdv wkh pdujlqdo xwlolw| ri frqvxpswlrq dw gdwh w dqg U� lv wkh uhwxuq

rq vhfxulw| i ehwzhhq gdwhv w dqg k1 P| fdq eh uhihuuhg wr dv d vwdwh sulfh gh�dwru ru vwdwh

sulfh ghqvlw| ru sulflqj nhuqho1 Lq jhqhudo/ d sulflqj nhuqho lv d vwulfwo| srvlwlyh Lwar surfhvv vxfk

wkdw wkh gh�dwhg sulfh surfhvv/ i +w,P|/ lv d pduwlqjdoh1 Exw qrwh wkh gl�huhqfh khuh yhuvxv

rxu hduolhu dqdo|vlv= wkh h{shfwdwlrq lq +48, lv wdnhq xqghu wkh sk|vlfdo suredelolw| phdvxuh/

S / zkloh lq +46, dqg +47, wkh h{shfwdwlrq lv wdnhq xqghu wkh htxlydohqw pduwlqjdoh phdvxuh/ �S 1

Lq wkh vwdqgdug wlph0vhsdudeoh xwlolw| sruwirolr fkrlfh prgho/ P| lv wkh pdujlqdo xwlolw| ri

frqvxpswlrq1 Exw wkh frqfhsw ri d sulflqj nhuqho lv pruh jhqhudo wkdq wklv1 Zkdw zh zloo

vkrz lv wkdw wkh devhqfh ri duelwudjh rssruwxqlwlhv/ zklfk hduolhu jxdudqwhhg wkh h{lvwhqfh ri

dq htxlydohqw pduwlqjdoh phdvxuh/ dovr ghwhuplqhv d sulflqj nhuqho/ P|1 Lq idfw/ wkh frqfhswv

ri dq htxlydohqw pduwlqjdoh phdvxuh dqg vwdwh sulflqj nhuqho duh rqh dqg wkh vdph1

Vlqfh zh kdyh gh�qhg wkh sulflqj nhuqho ru vwdwh sulfh gh�dwru dv dq Lwar surfhvv/ zh fdq

zulwh lw dv

gP @ �6gw. �6gZ +49,

Qrz frqvlghu wkh uhvwulfwlrqv wkdw wkh Eodfn0Vfkrohv qr0duelwudjh frqglwlrqv sodfh rq �6

dqg �6 li +48, dqg +49, krog1 Iru dq| duelwudu| vhfxulw|/ i / gh�qh i6 @ iP dqg dsso| Lwar*v

ohppd=

gi6 @ igP .Pgi . +gi, +gP, +4:,

@ ^i�6 .P�s . �s�6` gw. ^i�6 .P�s `gZ
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Li i6 @ iP vdwlv�hv +48,/ wkdw lv/ i6 lv d pduwlqjdoh/ wkhq lwv guliw pxvw eh }hur/ lpso|lqj

�s
i

@ ��6
P

� �s�6
iP

+4;,

Qrz frqvlghu wkh fdvh lq zklfk i lv wkh lqvwdqwdqhrxvo| ulvnohvv dvvhw/ wkdw lv/ i +w, @ E +w, lv

wkh prqh| pdunhw lqyhvwphqw iroorzlqj wkh surfhvv lq htxdwlrq +44,1 Wklv lpsolhv wkdw �s @ 3

dqg �s@i @ u +w,1 Xvlqj +4;,/ uhtxluhv

u +w, @ ��6
P

+4<,

Lq rwkhu zrugv/ wkh h{shfwhg udwh ri fkdqjh ri wkh sulflqj nhuqho pxvw htxdo plqxv wkh lqvwdq0

wdqhrxv ulvn0iuhh lqwhuhvw udwh1 Qh{w/ frqvlghu wkh jhqhudo fdvh zkhuh wkh dvvhw i lv ulvn|/ vr

wkdw �s 9@ 31 Xvlqj +4;, dqg +4<, wrjhwkhu/ zh rewdlq

�s
i

@ u +w,� �s�6
iP

+53,

ru

�s � ui

�s
@ ��6

P
+53�,

Frpsdulqj +53�, wr +;,/ zh vhh wkdw

��6
P

@ � +w, +54,

Wkxv/ wkh qr0duelwudjh frqglwlrq lpsolhv wkdw wkh irup ri wkh sulflqj nhuqho pxvw eh

gP@P @ �u +w,gw� � +w,gZ +55,

Qrwh wkdw li zh gh�qh p � oqP / wkhq gp @ �
k
u . �

2�
2
l
gw � �gZ 1 Khqfh/ lq xvlqj wkh

sulflqj nhuqho wr ydoxh dq| frqwlqjhqw fodlp/ zh fdq uh0zulwh +48, dv

i +w, @ H| ^i +k,P�@P|` @ H|

�
i +k, h6�36|

�
+56,

9



@ H|

�
i +k, h3

U �

|
^oEr�n�

2
w2Er�`_r3

U �

|
wEr�_` Er�

�

Jlyhq surfhvvhv iru u +v,/ � +v, dqg wkh frqwlqjhqw fodlp*v sd|r�/ i +k,/ lw pd| eh hdvlhu wr

frpsxwh +56, udwkhu wkdq/ vd| +46, ru +47,1 Ri frxuvh/ lq frpsxwlqj +56,/ zh qhhg wr xvh wkh

dfwxdo guliw iru i / wkdw lv/ zh frpsxwh h{shfwdwlrqv xqghu S / qrw �S 1

Whfkqlfdo Dvlgh=

P| fdq eh uhodwhg wr wkh Udgrq0Qlnrg|p ghulydwlyh ri �S zlwk uhvshfw wr S 1 Ohw S eh wkh

suredelolw| ghqvlw| dw vrph ixwxuh gdwh/ vd| k A w/ wkdw lv jhqhudwhg e| wkh sk|vlfdo Eurzqldq

prwlrq surfhvv/ Z +k,/ dqg ohw �S eh wkh htxlydohqw suredelolw| ghqvlw| jhqhudwhg e| wkh ulvn0

qhxwudo surfhvv �Z +k, @Z +k, .
U �
f � +�,g�1 Dovr ohw [ +k, eh dq| udqgrp yduldeoh vxfk wkdw

�H| ^m [ +k, m` ?41 Wkhq vlqfh S dqg �S duh htxlydohqw suredelolw| glvwulexwlrqv/ wkhuh h{lvwv d

vhtxhqfh ri vwulfwo| srvlwlyh udqgrp yduldeohv/ �|/ vxfk wkdw

�H|^�|[+k,` @ H|^��[+k,` +57,

ru

�H|^[+k,` @ H|^��[+k,`@�| +57*,

� lv uhihuuhg wr dv wkh Udgrq0Qlnrg|p ghulydwlyh ri �S zlwk uhvshfw wr S / wkdw lv/ �| � H|^g �S@gS `1

Iru dq hfrqrp| lq zklfk sulfhv duh phdvxuhg lq whupv ri wkh prqh| pdunhw lqyhvwphqw/ I +w, @

i +w, @E +w,/ vr wkdw wkh lqvwdqwdqhrxv ulvn0iuhh udwh lv }hur/ wkhq P| lv lghqwlfdo wr �|1

Wkh deryh dqdo|vlv kdv ehhq grqh xqghu wkh dvvxpswlrq ri d vlqjoh vrxufh ri xqfhuwdlqw|/

gZ 1 Lq d vwudljkwiruzdug pdqqhu/ lw fdq eh h{whqghg wr doorz iru q lqghshqghqw vrxufhv ri ulvn1

Li zh kdg dvvhw uhwxuqv ghshqglqj/ lq jhqhudo/ rq dq q�4 yhfwru ri lqghshqghqw Eurzqldq prwlrq

surfhvvhv/ gZ @ +gZ�===gZ?,
� zlwk fruuhvsrqglqj q� 4 yhfwru ri pdunhw sulfhv/ � @ +��===�?,

�/

dqg li �s zdv d 4� q yhfwru �s @ +�s�===�s?,/ wkhq zh zrxog kdyh wkh qr0duelwudjh frqglwlrq

�s � ui @ �s� +58,

Htxdwlrqv +46, dqg +47, zrxog vwloo krog/ dqg qrz wkh sulflqj nhuqho*v surfhvv zrxog eh jlyhq

:



e|

gP@P @ �u +w,gw� � +w,� gZ +59,

LLL1 Gl�huhqw Sulfh Gh�dwruv

Lq vhfwlrq L deryh/ zh irxqg lw frqyhqlhqw wr gh�dwh d frqwlqjhqw fodlp sulfh e| wkh prqh|

pdunhw ixqg*v sulfh/ E +w,1 Vrphwlphv/ krzhyhu/ lw pd| eh frqyhqlhqw wr gh�dwh ru _qrupdol}h%

d frqwlqjhqw fodlpv sulfh e| wkh sulfh ri d gl�huhqw w|sh ri vhfxulw|1 Vxfk d vlwxdwlrq fdq

rffxu zkhq d frqwlqjhqw fodlp*v sd|r� ghshqgv rq pxowlsoh ulvn| dvvhwv1 Ohw*v qrz frqvlghu dq

h{dpsoh ri wklv/ lq sduwlfxodu/ zkhuh wkh frqwlqjhqw fodlp lv dq rswlrq zulwwhq rq wkh gl�huhqfh

ehwzhhq wzr vhfxulwlhv* +vwrfnv*, sulfhv1 Wkh gdwh w sulfh ri vwrfn 4/ V� +w,/ iroorzv wkh surfhvv

gV�@V� @ ��gw. ��gZ� +5:,

dqg wkh gdwh w sulfh ri vwrfn 5/ V2 +w,/ iroorzv wkh surfhvv

gV2@V2 @ �2gw. �2gZ2 +5;,

zkhuh �� dqg �2 duh dvvxphg wr eh frqvwdqwv dqg gZ� dqg gZ2 duh Eurzqldq prwlrq surfhvvhv

iru zklfk gZ�gZ2 @ �gw1 Ohw F +w, eh wkh gdwh w sulfh ri d Hxurshdq rswlrq zulwwhq rq wkh

gl�huhqfh ehwzhhq wkhvh wzr vwrfnv* sulfhv1 Vshfl�fdoo|/ dw wklv rswlrq*v pdwxulw| gdwh/ W / wkh

ydoxh ri wkh rswlrq htxdov

F +W , @ pd{ ^3> V� +W ,� V2 +W ,` +5<,

Qrz gh�qh f +w, @ F +w, @V� +w, > v +w, � V� +w, @V2 +w,/ dqg E +w, @ V2 +w, @V2 +w, @ 4 dv wkh

gh�dwhg sulfh surfhvvhv/ zkhuh wkh sulfhv ri wkh rswlrq/ vwrfn 4/ dqg vwrfn 5 doo duh qrupdol}hg

e| wkh sulfh ri vwrfn 51 Zlwk wklv qrupdol}hg sulfh v|vwhp/ wkh whuplqdo sd|r� fruuhvsrqglqj

wr +5<, lv qrz

f +W , @ pd{ ^3> v +w,� 4` +63,

Dsso|lqj Lwar*v ohppd/ wkh ulvn0qhxwudo surfhvv iru v +w, lv jlyhq e|

;



gv@v @ �rgw. �rgZ� +64,

zkhuh �r � �� � �2 . �2� � ����2/ �rgZ� � ��gZ2 � �2gZ2/ dqg �2r @ �2� . �22 � 5����21

Ixuwkhu/ zkhq sulfhv duh phdvxuhg lq whupv ri vwrfn 5/ wkh gh�dwhg sulfh ri vwrfn 5 ehfrphv

wkh ulvnohvv dvvhw/ zlwk wkh ulvnohvv udwh ri uhwxuq jlyhq e| gE@E @ 3gw/ wkdw lv/ wkh ulvnohvv

udwh ri uhwxuq htxdov }hur1 Xvlqj Lwar*v ohppd rqfh djdlq/ wkh gh�dwhg rswlrq sulfh/ f +v +w, > w,/

iroorzv wkh surfhvv

gf @

�
fr �rv . f| .

4

5
frr �

2
rv

2
�
gw . fr �rv gZ�= +65,

Zlwk wklv gh�dwhg sulfh v|vwhp/ wkh xvxdo Eodfn0Vfkrohv +4<:6, khgjh sruwirolr fdq eh fuhdwhg

iurp wkh rswlrq dqg vwrfn 41 Wkh khgjh sruwirolr*v ydoxh lv jlyhq e|

Y @ �f . frv +66,

dqg wkh lqvwdqwdqhrxv fkdqjh lq ydoxh ri wkh sruwirolr lv

gY @ �gf . frgv +67,

@ �
�
fr�rv . f| .

4

5
frr �

2
rv

2
�
gw � fr �rv gZ� . fr�rv gw . fr�rv gZ�

@ �
�
f| .

4

5
frr �

2
rv

2
�
gw

Zkhq phdvxuhg lq whupv ri vwrfn 5*v sulfh/ wkh uhwxuq rq wklv sruwirolr lv lqvwdqwdqhrxvo|

ulvnohvv1 Lq wkh devhqfh ri duelwudjh/ lw pxvw hduq wkh ulvnohvv uhwxuq/ zklfk dv qrwhg deryh/

htxdov }hur xqghu wklv gh�dwhg sulfh v|vwhp1 Wkxv zh fdq zulwh

gY @ �
�
f| .

4

5
frr �

2
rv

2
�
gw @ 3 +68,

zklfk lpsolhv

f| .
4

5
frr �

2
rv

2 @ 3 +69,

<



zklfk lv wkh xvxdo Eodfn0Vfkrohv sduwldo gl�huhqwldo htxdwlrq/ exw zlwk wkh ulvn0iuhh udwh/ u/ vhw

wr }hur1 Vroylqj lw vxemhfw wr wkh erxqgdu| frqglwlrq +63,/ zklfk lpsolhv d xqlw h{huflvh sulfh/

jlyhv wkh xvxdo Eodfn0Vfkrohv irupxod

f+V> w, @ vQ+g�, � Q+g2, +6:,

zkhuh

g� @
oq +v+w,, . �

2�
2
r +W � w,

�r
s
W � w

+6;,

g2 @ g� � � r

s
W � w=

Wr frqyhuw edfn wr wkh xqgh�dwhg sulfh v|vwhp/ zh vlpso| pxowlso| +6:, e| V2 +w, dqg rewdlq

F+ w, @ V�Q+g�, � V2Q+g2, +6<,

Qrwh wkdw wkh rswlrq sulfh grhv qrw ghshqg rq wkh ulvn0iuhh udwh iru wkh qrq0gh�dwhg sulfh

v|vwhp/ u +w,1 Khqfh/ wkh irupxod krogv hyhq iru vwrfkdvwlf lqwhuhvw udwhv1 Wkh vdph irupxod

frxog eh ghulyhg xvlqj wkh Eodfn0Vfkrohv khgjlqj dujxphqw zlwk wkh qrq0gh�dwhg sulfh v|vwhp1

Lq wklv fdvh/ wkh khgjh sruwirolr zrxog lqyroyh d xqlw vkruw srvlwlrq lq wkh rswlrq/ F7� � CF@CV�

vkduhv ri vwrfn 4/ dqg f72 � CF@CV2 vkduhv ri vwrfn 51 Wkh uhvxowlqj htxloleulxp sduwldo

gl�huhqwldo htxdwlrq zrxog wkhq eh

F| .
4

5
F7�7� �

2
�V�

2 .
4

5
F7272 �

2
2V2

2 .F7�72����2V�V2 .F7�V�u .F72V2u � uF @ 3 +73,

zklfk zkhq vroyhg vxemhfw wr wkh erxqgdu| frqglwlrq F +W , @ pd{ ^3> V� +W ,� V2 +W ,` jlyhv

h{dfwo| wkh vroxwlrq +6<,1 Khqfh/ khgjlqj dujxphqwv edvhg rq d qrq0gh�dwhg sulfh v|vwhp duh

ydolg dovr iru d gh�dwhg sulfh v|vwhp1 Vlploduo|/ ulvn0qhxwudo sulflqj dqg wkh h{lvwhqfh ri d

sulflqj nhuqho dovr krogv iru wkh gh�dwhg sulfh v|vwhp1
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