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Option Pricing Using the Binomial Model

The Cox-Ross-Rubinstein (CRR) technique is useful for valuing relatively complicated op-
tions, such as those having American (early exercise) features. In these notes we show how an
American put option can be valued. Recall that CRR assume that over each period of length

At, stock prices follow the process

uS with probability ¢

s 7 W

\
dS with probability 1 — ¢

The results of our earlier analysis showed that the assumption of an absence of arbitrage
allowed us to use a risk-neutral valuation method to derive the value of an option. In general,

this method of valuing a derivative security can be implemented by:

i) setting the expected rate of return on all securities equal to the risk-free rate

ii) discounting the expected value of future cashflows generated from i) by this risk-free rate

For example, suppose we examine the value of the stock, S, in terms of the risk-neutral
valuation method. Define r as the continuously-compounded interest rate (the rate of return

on a risk-free asset). Then we have

S = e "™ME[Spyadl (2)

e A puS + (1 — p)dS)

where E[] is the expectations operated under the condition that the expected rate of return
on all assets equals the risk-free interest rate, which is not necessarily the assets’ true expected

rates of return. Re-arranging (2) we obtain

"3 =pu+ (1 -p)d (3)



which implies

erAt —d
p= Tu—d (4)
This is the same formula for p as was derived earlier (with the risk-free return now in terms of
a continuously-compounded interest rate). Hence, risk-neutral valuation is consistent with this
simple example.

To use the CRR model to value actual options, the parameters u and d must be calibrated to
fit the variance of the underlying stock. When estimating a stock’s volatility, it is often assumed
that stock prices are lognormally distributed. This implies that the continuously-compounded
rate of return on the stock over a period of length At, given by In (S¢1at) —In (St), is normally
distributed with a constant per-period variance of Ato2. This constant variance assumption
is also consistent with the Black-Scholes option pricing model. Thus, the sample standard

deviation of a time-series of historical log stock price changes provides us with an estimate of

0. Based on this value of o, approximate values of u and d that result in the same variance for

a binomial stock price distribution are!

Hence, condition (5) provides a simple way of calibrating « and d to the stock’s volatility, o.
Now consider the path of the stock price. Because we assumed u = é, the binomial process

for the stock price has the simplified form:

!That the values of u and d in (5) result in a variance of stock returns given by o2At for sufficiently small
At can be verified by noting that, in the binomial model, the variance of the end-of-period stock price is
E [SFiac] — ElSiral? = qu”S* + (1 — ) d*S” — [quS + (1 — q) dS]* = $* {qu’ + (1 — ¢) d* — [qu+ (1 — q) d]*}

— SQ eaAt eU\/At +e—o’x/At -1 _eQCzAt At

}, where ¢ = e*2" and « is the (continuously-compounded) ex-

pected rate of return on the stock per unit time. This implies that the variance of the return on the stock is
{eo‘m (e”m + ef"m> —-1- er‘At} . Expanding this expression in a series using e* =1+ + %xQ + éx?’ + ...

and then ignoring all terms of order (At)2 and higher, it equals Ato?.
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Given the stock price, S, and its volatility, o, the above tree or “lattice” can be calculated for
any number of periods using u = VBt and d = e~V

Now we can numerically value an option on this stock by starting at the last period and
working back toward the first period. Recall that a put option that is not exercised early will

have a final period (date T') value

PT = max [0, X — ST] (7)
The value of the put at date T'— At is then the risk-neutral expected value discounted by e "4t
Proar = e "ME ([P (8)

e A [pPf + (1 - p) P

However, with an American put option, we need to check whether this value exceeds the value



of the put if it were exercised early, which is

Pr_ay = max [X = Sp_ar, e [pPy + (1 - p) P (9)

Let us illustrate this binomial valuation technique with the following example:
A stock has a current price of S = $80.50 and a volatility o = 0.33. If At = % year,
.33
then u = Vo = el =1.1163 and d = L = .8958.

Thus the 3-period tree for the stock price is

Date : 0 1 2 3
111.98
100.32 4
N
89.86 4 89.86
\
S = 80.50 4 80.50 4
\ \
72.12 4 72.12
\
64.60 4
\
57.86

Next, consider valuing an American put option on this stock that matures in 7 = %

(4 months) and has an exercise price of X = $75. Assume that the risk-free rate is r = 9%.

This implies

A eF — 8958

= = .5181
u—d 1.1163 — .8958 oi8

p:

We can now start at date 3 and begin filling in the tree for the put option.
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Using P3 = max [0, X — S3], we have
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Next, using

Py = max | X — Sg,e "8 [ppél_F(l—p)ngl”
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\
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\
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\
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*Note that at Py the option is exercised early since

P;q = max [X — Sy, e A [ppg? +(1-p) Pg”

= max [75 — 64.60, 9.65] = $10.40
Next, using

P, = max | X — S1,e A [pPé“ + (1—p) Pg”
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Note that the option is not exercised early at P; since

P; = max [X — Sy, e A [pp2u+ (1-p) PQdH

= max [75 — 72.12,5.66] = $5.66

Finally, we calculate the value of the put at date 0 using

Py = max [X — So,e A [pplu +(1—-p) P{i”

= max [—5.5,3.03] = $3.03

and the final tree for the put is
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One can generalize the above procedure to allow for the stock (or portfolio of stocks such
as a stock index) to continuously pay dividends that have a per unit time yield equal to ¢, that
is, for At sufficiently small, the owner of the stock receives a dividend of §SAt. For this case

of a dividend-yielding asset, we simply redefine

elr=0)At _ 4

u—d (10)

p:

This is because when the asset pays a dividend yield of ¢, its expected risk-neutral appreciation

)AL rAt

is e(r— rather than e
For the case in which a stock is assumed to pay a known dividend yield, 6, at a single point
in time, then if date iAt is prior to the stock going ex-dividend, the nodes of the stock price

tree equal

wWdIiS  j=0,1,..,1. (11a)

If the date ¢At is after the stock goes ex-dividend, the nodes of the stock price tree equal



WdTIS(1-6) j=0,1,..,i. (11b)

The value of an option is calculated as before. We work backwards and again check for the

optimality of early exercise.



