
1 Measurement error, e, in X

y = βX + u, X∗= X + e

bβOLS = (X∗0X∗)−1X∗0y =

= (X∗0X∗)−1X∗0(βX + u) =

= (X∗0X∗)−1 [β(X∗0X) +X∗0u] =

= (X∗0X∗)−1[β(X∗0X∗ +X∗0e) +X∗0u] =

= β + β(X∗0X∗)−1X∗0e+ (X∗0X∗)−1X∗0u = (1)

= β + β(X∗0X∗)−1(X 0e+ e0e) + (X∗0X∗)−1(X 0u+ e0u) =

p lim bβOLS = β + β
V AR(e) + COV (X, e)

V AR(X∗)
+

COV (X,u) + COV (e, u)

V AR(X∗)
=

= β + β
V AR(e) + COV (X, e)

V AR(X) + V AR(e) + 2COV (X, e)
+

COV (X,u) + COV (e, u)

V AR(X) + V AR(e) + 2COV (X, e)

X∗0X = X∗0(X∗ − e) = X∗0X∗ −X∗0e

X∗0e = (X + e)
0
e = X 0e+ e0e

X∗0u = (X + e)
0
u = X 0u+ e0u

X∗0X∗ = (X + e)
0
(X + e) = X 0X + e0e+ 2X 0e

1.0.1 Pure endogeneity

V AR(e) = 0; COV (X,u) ≶ 0

p lim bβOLS = β − β
0 + 0

V AR(X) + 0 + 0
+

COV (X,u) + 0

V AR(X) + 0 + 0
=

= β +
COV (X,u)

V AR(X)
≶ β

Example: COV (X,u) > 0 due to ability bias because X = f(ability) and u
also contains ability and therefore COV (X,u) > 0.

1.0.2 Pure measurement error

COV (X,u) = 0; COV (e, u) = 0; COV (X, e) = 0
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p lim bβOLS = β + β
V AR(e) + 0

V AR(X) + V AR(e) + 2 ∗ 0 +
0 + 0

V AR(X) + V AR(e) + 2 ∗ 0 =

= β + β
V AR(e)

V AR(X) + V AR(e)
= β

∙
1− V AR(e)

V AR(X) + V AR(e)

¸
< β

Noting that

0 <
VAR(e)

V AR(X) + V AR(e)
< 1

1.0.3 Systematic measurement error- type 1

COV (X,u) = 0; COV (e, u) = 0; COV (X, e) ≶ 0
Measurement error is correlated with actual values of X (example: low edu-

cated people tend to overstate years of education).

p lim bβOLS = β + β
V AR(e) + COV (X, e)

V AR(X) + V AR(e) + 2 ∗ COV (X, e)

1.0.4 Systematic measurement error- type 2

COV (X,u) = 0; COV (X, e) = 0 ;COV (e, u) ≶ 0
Measurement error e, correlated with unexplained component of LHS vari-

able, u.(example: people who over/under-state education also over/understate
earnings).

p lim bβOLS = β + β
V AR(e) + 0

V AR(X) + V AR(e) + 2 ∗ 0 +
0 + COV (e, u)

V AR(X) + V AR(e) + 2 ∗ 0 =

= β + β
V AR(e)

V AR(X) + V AR(e)
+

COV (e, u)

V AR(X) + V AR(e)
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