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(UURU�&RPSRQHQW�0RGHO

0RGHO�VHWXS�DV�EHIRUH�

y ' X % g

(UURU�WHUP�KDV�D�VSHFLDO�VWUXFWXUH�

git ' ui % vt %wit

ui - N (0 , 2
u ) , vt - N (0 , 2

v ) , wit - N (0 , 2
w)

DOO�FRPSRQHQWV�DUH�XQFRUUHODWHG��KHQFH

Var (git ) ' 2 '
2
u %

2
v %

2
w

1RWH�

E(uivt) ' E(uiwit) 'E(vtwit) '0
E(uiuj) ' 0, iúj
E(vtvs) ' 0, tús

E(witwis) ' E(witwjt) ' E(witwjs) ' 0 iúj , tús

DQG�WKHUHIRUH�WKH�HUURUV�DUH�KRPRVNHGDVWLF�
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corr (git ,gjt) '
Cov (git ,gjt)

Var(git) Var(gjt)
'

2
v

2
u %

2
v %

2
w

iúj

corr (git ,gis) '
Cov (git ,gis)

Var(git) Var(gis)
'

2
u

2
u %

2
v %

2
w

tús

corr (git ,gjs) '
Cov (git ,gjs)

Var(git) Var(gjs)
' 0 iúj , tús

V'

2
u[AT] 2

v[IT] ã 2
v[IT]

2
v[IT] 2

u[AT] ã 2
v[IT]

! ! ã !

2
v[IT] 2

v[IT] ã 2
u[AT]

AT'

2

2
u

1 ã 1

1
2

2
u

ã 1

! ! ã !

1 1 ã
2

2
u

GLPHQVLRQV��17�[�17 �7�[7�������
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0RUH�RIWHQ�WKH�HUURU�WHUP�KDV�D�VLPSOLILHG�VWUXFWXUH�

git ' ui %wit

ui - N (0 , 2
u ) , wit - N (0 , 2

w)

DOO�FRPSRQHQWV�DUH�XQFRUUHODWHG��KHQFH

Var (git ) ' 2 '
2
u %

2
w

1RWH�
E(uiwit) '0

E(uiuj) ' 0, iúj
E(witwis) ' E(witwjt) ' E(witwjs) ' 0 iúj , tús

DQG�WKHUHIRUH�WKH�HUURUV�DUH�KRPRVNHGDVWLF�

corr (git ,gjt) '
Cov (git ,gjt)
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w

iúj

corr (git ,gis) '
Cov (git ,gis)

Var(git) Var(gis)
'

2
u

2
u %

2
w

tús

corr (git ,gjs) '
Cov (git ,gjs)

Var(git) Var(gjs)
' 0 iúj , tús
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V'

2
u[AT] 0 ã 0

0 2
u[AT] ã 0

! ! ã !

0 0 ã 2
u[AT]
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2

2
u

1 ã 1

1
2

2
u

ã 1

! ! ã !

1 1 ã
2

2
u

GLPHQVLRQV��17�[�17 �7�[7�������

7UDQVIRUPDWLRQ�PDWUL[��&KROHVN\�GHFRPSRVLWLRQ��LV�WKHQ
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[PT] 0 ã 0

0 [PT] ã 0

! ! ã !

0 0 ã [PT]
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PT ' IT &
T

iT i T
T

' 1 &
w

T 2
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2
w

, i T
T ' [1 1 1 1 1 ... 1]
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+RZHYHU��PRUH�RIWHQ�WKH�UHSUHVHQWDWLRQ�LV�
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'

2
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2
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2
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2
u

2
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2
u ã 2

u

! ! ã !

2
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2
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2
u
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1RWH��WKDW

'
2
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2
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T ' [1 1 1 1 1 ... 1]

)RU�*/6�WKH�GHFRPSRVLWLRQ�LV����V
&

1
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1

2
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&

1
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T
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w
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2
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7KH�WUDQVIRUPDWLRQ�LV�WKHUHIRUH�

&

1

2 yi'

yi1 & ȳi

yi2 & ȳi

yi3 & ȳi

...

yiT & ȳi

&

1

2 xi,k'

Xi1,k & X̄i,k

Xi2,k & X̄i,k

Xi3,k & X̄i,k

...

XiT,k & X̄i,k

ZKHUH�N�GHQRWHV�WKH�N�WK�UHJUHVVRU�LQ�RI�DOO�;¶V��DQG�EDU�GHQRWHV�WKH

JURXS�PHDQ

ȳi '
1
T j

T

t'1

yit X̄i,k '
1
T j

T

t'1

Xit,k

Yit & Ȳi ' 1(1& ) % 2 Xit,2 & X̄i,2 %

% 3 Xit,3 & X̄i,3 % ... % K Xit,K & X̄i,K % w (

it

,W�FDQ�EH�VKRZQ�WKDW�WKH�*/6�HVWLPDWRU�LV�D�PDWUL[�ZHLJKWHG�DYHUDJH

RI�%(7:((1�XQLW�HVWLPDWRU�DQG�:,7+,1�XQLW�HVWLPDWRU�

,OOXVWUDWLRQ�IRU�RQH�YDULDEOH�UHJUHVVLRQ�

%(7:((1Ȳi ' B X̄i % ḡi

:,7+,1Yit & Ȳi ' W Xit & X̄i % wit & w̄i
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3DQHO�'DWD�0RGHOV

6WDUW�ZLWK�JHQHULF�PRGHO�ZKHUH�WKH�[�GRHV�QRW�FRQWDLQ�D�FRQVWDQW�

�

yit ' i %
T xit % git

"
L
�FDQ�EH &RQVWDQW�DQG�WKH�VDPH�IRU�DOO�L � � � � 322/('�2/6

&RQVWDQW�EXW�GLIIHUHQW�DFURVV�L � � � � ),;('�())(&7

5DQGRP�GUDZ�IRU�HDFK�L � � � � � 5$1'20�())(&7

3RROHG�2/6
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L
�DUH�WKH�VDPH�DQG�"

L
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(DFK�LQGLYLGXDO�KDV�D�VSHFLILF�LQWHUFHSW�"
L
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/6'9���/HDVW�6TXDUH�'XPP\�9DULDEOH�PHWKRG���XVH�FRQVWDQW�WHUP

GXPP\�IRU�HDFK�JRXS�

:H�KDYH�.�UHJUHVVLRQ�FRHIILFLHQWV�DQG�1�GXPPLHV�WR�HVWLPDWH
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7HVWLQJ�IL[HG�HIIHFWV�YV��SRROHG�2/6

&ODVVLFDO�)�WHVW��RU�DQ\�RWKHU�WHVW�IRU�]HUR�UHVWULFWLRQ��

+\SRWKHVLV���"
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:,7+,1�DQG�%(7:((1�JURXS�HVWLPDWRUV

2ULJLQDO�IRUPXODWLRQ��727$/��

yit ' i %
T xit % git

'HYLDWLRQV�IURP�WKH�JURXS�PHDQ��:,7+,1�

yit & ȳi '
T(xit & x̄i ) % git & ḡi

,Q�WHUPV�RI�WKH�JURXS�PHDQV��%(7:((1�

ȳi ' % T x̄i % ḡi

$OO�WKUHH�PRGHOV�FRXOG�EH�HVWLPDWHG�E\�2/6��OHWV�IRFXV�RQ�$�

S t
xx 'j

N

i'1
j

T

t'1

(xit& x̄) (xit& x̄)T

S t
xy 'j

N

i'1
j

T

t'1

(xit& x̄) (yit& ȳ)

S w
xx 'j

N

i'1
j

T

t'1

(xit& x̄ i) (xit& x̄ i)
T

S w
xy 'j

N

i'1
j

T

t'1

(xit& x̄ i) (yit& ȳ i)

S b
xx 'j

N

i'1
j

T

t'1

( x̄i& x̄) ( x̄i& x̄)T ' j
N

i'1

T( x̄i& x̄) ( x̄i& x̄)T

S b
xy 'j

N

i'1
j

T

t'1

( x̄i& x̄) ( ȳi& ȳ)'j
N

i'1

T( x̄i& x̄) ( ȳi& ȳ)
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2EYLRXVO\

S t
xy ' S w

xy % S b
xy S t

xx ' S w
xx % S b

xx

7KH�HVWLPDWRUV�DUH�

b t ' S t
xx

&1
S t

xy ' S w
xx % S b

xx
&1

S w
xy % S b

xy

b w ' S w
xx

&1
S w

xy b b ' S b
xx

&1
S b

xy

)URP�WKLV�ZH�FDQ�GHULYH�WKDW

S w
xx b w ' S w

xy S b
xx b b ' S b

xy

,QVHUWLQJ�WKHVH�LQWR�EW�

b t ' F wb w % F bb b

F w ' S w
xx % S b

xx
&1

S w
xx ' I & F b

7KH�WRWDO�HVWLPDWRU�LV�D�ZHLJKWHG�DYHUDJH�RI�%(7:((1�DQG�:,7+,1
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5$1'20�HIIHFW�PRGHO

yit ' % T xit % ui % wit
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'

2
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u
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2
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'
2
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2
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7KH�&KROHVNL�GHFRPSRVLWLRQ�JLYHV

&

1

2 yi'

yi1 & ȳi

yi2 & ȳi

yi3 & ȳi

...

yiT & ȳi

1RWH��WKDW�2 ��OHDGV�WR�/6'9��OLNH�LI�F
Z
 ��DQG�RQO\�X

L
�DUH�SUHVHQW�DQG

WKHUH�ZRXOG�EH�QR�GLIIHUHQFH�EHWZHHQ�/6'9�DQG�5(�

1RZ�ZH�FDQ�JHW�WKH�*/6�HVWLPDWRU�DV�EHIRUH

ˆRE
' F̂ wb w % F̂ bb b

ˆRE
' F̂ wb w % (I & F̂ w

)b b

F w ' S w
xx % S b

xx
&1

S w
xx ' I & F b

' (1 & )2 '

2
w

T 2
u%

2
w

7KH� 5(� HVWLPDWRU� LV� DJDLQ� ZHLJKWHG� DYHUDJH� RI� %(7:((1� DQG

:,7+,1

8� ��� !�2� ����LV�2/6�VLQFH�F
X
 ��DQG�KHQFH�X

L
�DUH�QRW�SUHVHQW

8� ��� !�2� ����LV�/6'9�VLQFH�F
Z
 ��DQG�KHQFH�RQO\�X

L
�DUH�SUHVHQW

IRU�7�!LQILQLW\��X
L
�EHFRPH�REVHUYDEOH
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)HDVLEOH�*/6

yit ' % T xit % ui % wit

yit & ȳi '
T(xit & x̄i ) % wit & w̄i

VLQFH

E j
T

t'1

(wit & w̄i)
2 ' (T&1) 2

w

2
wi '

j
T

t'1

(wit & w̄i)
2

T & 1

:H�GR�QRW�NQRZ�$��KHQFH�XVLQJ�VDPSOH�HUURUV�

ˆ 2
wi '

j
T

t'1

(wit & w̄i)
2

T & K & 1

:H�KDYH�1�VXFK�HVWLPDWRUV��IRU�HDFK�JURXS�RQH�DQG�ZH�FDQ�DYHUDJH

WKHP��

s 2
w '

1
Nj

N

i'1

ˆ2
wi '

1
Nj

N

i'1

j
T

t'1

(wit & w̄i)
2

T & K & 1
'

j
N

i'1
j

T

t'1

(wit & w̄i)
2

NT & NK & N

7KLV�DVVXPHV�GLIIHUHQW�FRHIILFLHQW�IRU�HDFK�JURXS��KDYLQJ�1�PHDQV�RI

\�DQG�.�SDUDPHWHUV

ˆ 2
w '

j
N

i'1
j

T

t'1

(wit & w̄i)
2

NT & N & K
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6LQFH�ZH�NQRZ�WKDW�

Var (git ) ' 2 '
2
u %

2
w

ZH�FDQ�HVWLPDWH ˆ 2 '
e Te
NT

' ˆ2
u % ˆ2

w

7HVWLQJ�)(�YV��5(

+\SRWKHVLV���F
X

� �

LM '
NT

2(T&1)

j
N

i'1
j

T

t'1

wit

2

j
N

i'1
j

T

t'1

w 2
it

& 1

2

'
NT

2(T&1)

j
N

i'1

Tw̄i
2

j
N

i'1
j

T

t'1

w 2
it

& 1

2

LM '
NT

2(T&1)
e TDD Te

e Te
& 1

2

- 2
1

+DXVPDQ�WHVW�

W ' [b & ˆ ]T Var[b] & Var[ ˆ ]
&1

[b & ˆ ] - 2
K

ZKHUH�E�DUH�)(��$�DUH�5(�FRHIILFLHQWV�DQG�9DU���DSSURSULDWH�Y�F�PDWUL[
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'\QDPLF�0RGHOV

yit ' i %
T xit % yi,t&1 % git

XQGHU�DOO�VWDQGDUG�SUHYLRXV�DVVXPSWLRQV�WKH�g�DUH�FRUUHODWHG�ZLWK�WKH

IL[HG�HIIHFW�RU�UDQGRP�HIIHFW�VLQFH�WKH�ODJJHG�\�LV�FRUUHODWHG�ZLWK�g�E\

GHILQLWLRQ�

0RUH�WUDQVSDUHQW�LW�LV�LQ�WKH�5(�PRGHO��ZKHUH�X��ZKLFK�LV�SDUW�RI�"��

LV�FRUUHODWHG�ZLWK�ODJJHG�\�

7DNH�ILUVW�GLIIHUHQFHV

yit & yi,t&1 ' T xit & xi,t&1 % (yi,t&1 &yi,t&2) % (git & gi,t&1)

�X��ZKLFK�LV�SDUW�RI�"�LQ�5(��YDQLVKHG��WKHUH�LV�VWLOO�FRUUHODWLRQ�EHWZHHQ

ODJJHG� \� DQG� g� �DQG� WKHUH� LV�0$�� SURFHVV� SUHVHQW�� EXW� DOO�PRUH

ODJJHG�\�DQG�WKHLU�GLIIHUHQFHV�DUH�YDOLG�LQVWUXPHQWV�

&RQOXVLRQ�

8VH�,9�RU�*00�WHFKQLTXH�
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$XWRFRUUHODWLRQ

yit ' % T xit % ui % git

DQG�git ' gi,t&1 % vit

yit& yi,t&1' (1& ) % T xit & xi,t&1 % (git & gi,t&1) % ui(1& )

yit& yi,t&1 ' (1& ) % T xit & xi,t&1 % vit % ui(1& )

+DYLQJ�D�ZH�FDQ�XVH�7���REVHUYDWLRQV�IRU�HVWLPDWLRQ�RI�$�DQG�DGMXVW

YDULDQFHV�E\�����D���

6R�HVWLPDWH��D�DQG�WKHQ�XVH�3�:�RU�&�2�WUDQVIRUPDWLRQ�


