Error Component Model

Model setup as before:
y=Xp +e¢

Error term has a special structure:

& = U + V W,

2 2 2
u ~ N@O,c,) , v, ~ N(@O,0,) , w, ~ N(0,0,)
all components are uncorrelated, hence

2 2 2
Var(e,) = 6° = o, + 0, + O,

Note:

E(uv) = E(uw,) =E(vw,) =0
E(uiuj) =0, I1#]
E(vyv) =0, tzs

E(ww) = E(ww,) = E(ww) =0 i#], tzs
j j

and therefore the errors are homoskedastic.
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More often the error term has a simplified structure:

& = U tW,

2 2
u ~ N@O,c,) , w, ~ N(@,oc,)
all components are uncorrelated, hence

Var (e =02=02+02
it u

W

Note:
E(uw,) =0
E(uiuj) =0, 1#]
E(w W) = E(Witht) - E(Withs) =0 I#, tss

and therefore the errors are homoskedastic.
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Transformation matrix (Cholesky decomposition) is-then

[P.] O 0 |
o 0 [PT] - 0
0 o - [PT]
Where
_ 0 .
PT = IT — ? Ir It
O
0 =1 - W

- o [A]

0
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ICQI\) ﬂ qI\)




However, more often the representation is

Q0 0] Oy O,
2

Va 0 0. 6, O
00 .. Q 5
Gu

dimension NT x NT

Note, that
Q=o,l_ +o,i i ,if =[11111..

w T W
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_1 _1
For GLS the decompositionis V 2 = |, & Q 2
0 . .7
Q2= 1. - =1I;1 and
ol

6=1- Y as before.
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The transformation is therefore:

yil_e

<

_ Xil,k i,k
yiz -0 yi _
-= _ Xk = 0 Ky
Q°y= Vs~ 0y, Q‘% _ —
Xik Xi3,k -0 X,
_yiT -6 37|
X|Tk -0 Xlk

where k denotes the k-th regressor in of all X’s, and bar denotes the
group mean

3 %

— |
T
—|HH

(Yit - 0\?') = p,(1-6) + B, (Xit,z - OXi,z) *
+ By (xit,B - O>Zi,3) ot Py (Xit,K - e»Zi,K) *

It can be shown that the GLS estimator is a matrix-weighted average
of BETWEEN unit estimator and WITHIN unit estimator.
lllustration for one variable regression:

Y =By, X + ¢ BETWEEN

Ve = Y) = By (X - X) + (g, - W) WITHIN



Panel Data Models

Start with generic model where the x does not contain a constant:

_ T
Yo = 0 + B X * g

o, can be Constant and the same foralli .... POOLED OLS
Constant but different acrossi . ... FIXED EFFECT
Random draw foreachi ..... RANDOM EFFECT
Pooled OLS

All o; are the same and o, =«
you already know how to deal with, apply SUR methods

Fixed effects

Each individual has a specific intercept o, ,

LSDV - Least Square Dummy Variable method - use constant term
dummy for each goup.

We have K regression coefficients and N dummies to estimate

Yy, = ioci + XP + ¢

-yl- i 0 .. 0| -0‘1- -Xl- -81-
Y2 0 I 0| |9 2 )
= + B +
YN 0 0 — 1] loy XN EN




Testing fixed effects vs. pooled OLS
Classical F-test (or any other test for zero-restriction):

Hypothesis: o; =a for all i

2 2
Ru_Rr
(N-1)

2
1_Ru

(NT-N-K)

F(N—l,NT—N—K) -




WITHIN and BETWEEN group estimators
Original formulation (TOTAL):
Vi = o + Bx + g

Deviations from the group mean (WITHIN)

Yo = ¥ = B'(X - X ) + g — g

In terms of the group means (BETWEEN)

Y=o+ B'X + gi

All three models could be estimated by OLS, lets focus on B.

S =2 ) (%=X 0%



Obviously

t w b t w b
Sy = Sy TSy S = S + S«
The estimators are:

bt =SSy = sy + 82" sy + s

-1 b1 ~b
b = sy sy b® = |so|*s?
From this we can derive that

b b
Sx b =Sy Sx b® =Sy
Inserting these into b":
bt = F"% W + beb
-1

A S e

The total estimator is a weighted average of BETWEEN and WITHIN
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RANDOM effect model
Yo = 0+ BX + U+ W

Variance-covariance matrix is

Q0 0] o, +t0, O
v 0 o 03 0, tO
O 0 - Q 2 2

) Oy Oy

dimension NT x NT

Note, that
Q=0 l +0o i ip , ip =[11111..1]
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For GLS the decompositionis V 2 = |, & Q 2
0 . .7
Q2= 1. - =1I;1 and
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6=1- Y as before.
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The Choleski decomposition gives

yil_e
Yo — 0
Q°*y= ly; -9

X X<

<

_yiT -6 37|

Note, that 6=1 leads to LSDV (like if 0,,=0 and only u, are present and
there would be no difference between LSDV and RE)

Now we can get the GLS estimator as before

BEE = F"b¥ + F b

o RE

B
A SRV I

F%Y + (1 - F%b°®

2
0.
h=(1-0)7=—=
T(5§+(53V

The RE estimator is again weighted average of BETWEEN and
WITHIN

A=1=>08=0 is OLS since 0,=0 and hence u, are not present
A=0=>06=1 is LSDV since 0,=0 and hence only u, are present
for T->infinity u, become observable
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Feasible GLS

since

E(ZT: (W, - v_vi)zj = (T-1) o,
i (Wit - Wl)2

G\?vi _ t=1

We do not know 3, hence using sample errors:

T J—
Z (Wit B Wi)2
,\2. _ t=1
" T-K-1

We have N such estimators, for each group one and we can average
them:

T N T
N N Z (Wit B V_Vi)2 ZZ (Wit - Vv.)2

SV\Z/ _ i 52 - iz t=1 _ el t=l
NZ ™ NF T-K-1 NT - NK - N

This assumes different coefficient for each group, having N means of
y and K parameters

N T B
ZZ (Wit B Wi)2
i=1 t=1

NT - N - K

>
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Since we know that

_ 2 2 2
Var(e,) = o° = o, + o,
. ~, e'le .2 .2
we can estimate - = —— = o, +
N u w

Testing FE vs. RE
Hypothesis: o¢,2=0

- N | T 2 &
> )W
LM - NT |is1] =2 _q] -
2(T-1) | N T
> ) wg
i1 t-1
__NT_Je™DDTe ,|°
2(T-1) | e'e "

Hausman test:

W =[b - B]" [Var[b] - Var[pl]* [b - B -~ 22

2

where b are FE, B are RE coefficients and Var() appropriate v-c matrix
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Dynamic Models

Vi = 0 + BIX + 8y + g

under all standard previous assumptions the € are correlated with the
fixed effect or random effect since the lagged y is correlated with € by
definition.

More transparent it is in the RE model, where u (which is part of a )
is correlated with lagged vy.

Take first differences
Y. =V :I}T(x.—x.>+8(. —.)+(e.—g.)
it t-1 it It-1 yl,t—l yl,t—2 it It-1
u (which is part of o in RE) vanished, there is still correlation between
lagged y and € (and there is MA1 process present) but all more

lagged y and their differences are valid instruments.

Conlusion:
Use IV or GMM technique.
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Autocorrelation

_ T
Yo =0+ B X + U+ gy

. + V.
1,t-1 Vlt

and g, = pe
YiemPYipa=1-p) = BI(x; - pX; ) + (& — pEy) + U(L-p)
YiemPYipa =0(1-p) + BU(X = pXq) + Ve + U(1-p)

Having p we can use T-1 observations for estimation of  and adjust

variances by (1- p)°.
So estimate p and then use P-W or C-O transformation.
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