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�:K\�3DQHO�'DWD�0RGHOV"

:H�FDQ�IROORZ�VHYHUDO�XQLWV�RYHU�WLPH��WKHUHIRUH�ZH�FDQ�JHW�

'LIIHUHQFH�EHWZHHQ�XQLWV

'HYHORSPHQW�RYHU�WLPH

(IILFLHQF\�JDLQV�

0RUH�REVHUYDWLRQV

6HHPLQJO\�8QUHODWHG�5HJUHVVLRQ��685�

*URXS�ZLVH�KHWHURVNHGDVWLFLW\

7LPH�ZLVH�DXWRUHJUHVVLRQ

:KDW�PDNHV�WKH�GLIIHUHQFH�IURP�7LPH�VHULHV�GDWD�RU�&URVV�VHFWLRQDO

GDWD"�7ZR�DSSURDFKHV�LQ�OLWHUDWXUH!

���$QDO\VLV�HUURU�WHUP�g

���$QDO\VLV�RI�FRHIILFLHQWV�$

)L[HG�HIIHFWV���$V�DUH�GLIIHUHQW�IRU�HDFK�LQGLYLGXDO

5DQGRP�HIIHFWV���WKH�GLIIHUHQFHV�DUH�³UDQGRP´

3DQHO %DODQFHG

8QEDODQFHG

6KRUW�UXQ�DGMXVWPHQW�� yi '
T Xi % gi

/RQJ�UXQ�DGMXVWPHQW�����yi '
TXi % gi

3RROLQJ�WKH�GDWD

6XSSRVH�1�LQGLYLGXDOV�JURXSV����L���7�WLPH�SRLQWV���W��.�UHJUHVVRUV

*HQHUDO�IRUP�RI�WKH�HTXDWLRQ�

Yit ' 1 Xit,1 % 2 Xit,2 % 3 Xit,3 % ... % K Xit,K % git
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6WDFNLQJ�REVHUYDWLRQV�

Y11 ' 1 X11,1 % 2 X11,2 % 3 X11,3 % ... % K X11,K % g11

Y12 ' 1 X12,1 % 2 X12,2 % 3 X12,3 % ... % K X12,K % g12

Y13 ' 1 X13,1 % 2 X13,2 % 3 X13,3 % ... % K X13,K % g13

����

Y1T ' 1 X1T,1 % 2 X1T,2 % 3 X1T,3 % ... % K X1T,K % g1T

Y21 ' 1 X21,1 % 2 X21,2 % 3 X21,3 % ... % K X21,K % g21

Y22 ' 1 X22,1 % 2 X22,2 % 3 X22,3 % ... % K X22,K % g22

����

Y2T ' 1 X2T,1 % 2 X2T,2 % 3 X2T,3 % ... % K X2T,K % g2T

���

���

���

YN1 ' 1 XN1,1 % 2 XN1,2 % 3 XN1,3 % ... % K XN1,K % gN1

���

YNT ' 1 XNT,1 % 2 XNT,2 % 3 XNT,3 % ... % K XNT,K % gNT
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0DWUL[�IRUP�

y ' X % g

ZKHUH

�� ��y'

Y11

Y12

Y13

!

Y1T

Y21

Y22

!

Y2T

!

YN1

!

YNT

X'

X11,1 X11,2 ä X11,K

X12,1 X12,2 ä X12,K

X13,1 X13,2 ä X13,K

! ! ä !

X1T,1 X1T,2 ä X1T,K

X21,1 X21,2 ä X21,K

X22,1 X22,2 ä X22,K

! ! ä !

X2T,1 X2T,2 ä X2T,K

! ! ä !

XN1,1 XN1,2 ä XN1,K

! ! ä !

XNT,1 XNT,2 ä XNT,K

'

1

2

!

K

g '

g11

g12

g13

!

g1T

g21

g22

!

g2T

!

gN1

!

gNT

17�[�� 17�[�. .�[�� 17�[��

'LPHQVLRQV
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9DULDQFH�FRYDULDQFH�PDWUL[�(��g�g�7��

'LPHQVLRQ�LV�17�[�17

E(ggT)'

E(g11g11) E(g11g12) ä E(g11g1T) E(g11g21) ä E(g11gNT)

E(g12g11) E(g12g12) ä E(g12g1T) E(g12g21) ä E(g12gNT)

E(g13g11) E(g13g12) ä E(g13g1T) E(g13g21) ä E(g13gNT)

! ! ä ! ! ä !

E(g1Tg11) E(g1Tg12) ä E(g1Tg1T) E(g1Tg21) ä E(g1TgNT)

E(g21g11) E(g21g12) ä E(g21g1T) E(g21g21) ä E(g21gNT)

E(g22g11) E(g22g12) ä E(g22g1T) E(g22g21) ä E(g22gNT)

! ! ä ! ! ä !

E(g2Tg11) E(g2Tg12) ä E(g2Tg1T) E(g2Tg21) ä E(g2TgNT)

! ! ä ! ! ä !

E(gN1g11) E(gN1g12) ä E(gN1g1T) E(gN1g21) ä E(gN1gNT)

! ! ä ! ! ä !

E(gNTg11) E(gNTg12) ä E(gNTg1T) E(gNTg21) ä E(gNTgNT)
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E(ggT)'

E(g2
11) E(g11g12) ä E(g11g1T) E(g11g21) ä E(g11gNT)

E(g12g11) E(g2
12) ä E(g12g1T) E(g12g21) ä E(g12gNT)

E(g13g11) E(g13g12) ä E(g13g1T) E(g13g21) ä E(g13gNT)

! ! ä ! ! ä !

E(g1Tg11) E(g1Tg12) ä E(g2
1T) E(g1Tg21) ä E(g1TgNT)

E(g21g11) E(g21g12) ä E(g21g1T) E(g2
21) ä E(g21gNT)

E(g22g11) E(g22g12) ä E(g22g1T) E(g22g21) ä E(g22gNT)

! ! ä ! ! ä !

E(g2Tg11) E(g2Tg12) ä E(g2Tg1T) E(g2Tg21) ä E(g2TgNT)

! ! ä ! ! ä !

E(gN1g11) E(gN1g12) ä E(gN1g1T) E(gN1g21) ä E(gN1gNT)

! ! ä ! ! ä !

E(gNTg11) E(gNTg12) ä E(gNTg1T) E(gNTg21) ä E(g2
NT)
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*/6�HVWLPDWLRQ��DQG�)*/6��UHOLHV�RQ�NQRZOHGJH�RU�HVWLPDWLRQ�RI�WKH

YDULDQFH�FRYDULDQFH�PDWUL[�9� �(��g�g�7��

ˆ
GLS ' X TV &1X &1X TV &1y

˜
FGLS ' X TV̂&1X

&1
X TV̂&1y

Est. Var&cov(˜
FGLS )' X TV̂&1X

&1

DQG� �LV�FRQVLVWHQW�HVWLPDWH�RI�9V̂

&RQYHQLHQW�GHFRPSRVLWLRQ�RI�YDULDQFH�FRYDULDQFH�PDWUL[�IRU�SDQHO

E(ggT )'

11 11 12 12 ä 1N 1N

21 21 22 22 ä 2N 2N

31 31 32 32 ä 3N 3N

! ! ! !

N1 N1 N2 N2 ä NN NN

ZKHUH�SLM�LV�D�7�[�7�PDWUL[�
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$��VXSSRVH�QR�FRUUHODWLRQ�RI�HUURU�DPRQJ�LQGLYLGXDOV�

���(DVLHVW�FDVH

6XSSRVH�QR�KHWHURVNHGDVWLFLW\��FURVV�VHFWLRQDO�LQGHSHQGHQFH�DQG�QR

DXWRFRUUHODWLRQ

������� ������� ���E(g2
it)'

2 E(gitgjt)'0 , iúj E(gitgi,t&1)'0

���*URXS�ZLVH�KHWHURVNHGDVWLFLW\

6XSSRVH�KHWHURVNHGDVWLFLW\��FURVV�VHFWLRQDO� LQGHSHQGHQFH�DQG�QR

DXWRFRUUHODWLRQ��

������� ������� ���E(g2
it)'

2
i E(gitgjt)'0 , iúj E(gitgi,t&1)'0

���$XWRFRUUHODWLRQ

6XSSRVH�QR�KHWHURVNHGDVWLFLW\��FURVV�VHFWLRQDO� LQGHSHQGHQFH�DQG

DXWRFRUUHODWLRQ

������� ������� ���E(g2
it)'

2 E(gitgjt)'0 , iúj git ' igi,t&1 % uit

6XSSRVH�QR�KHWHURVNHGDVWLFLW\��FURVV�VHFWLRQDO� LQGHSHQGHQFH�DQG

DXWRFRUUHODWLRQ�LV�WKH�VDPH�IRU�DOO�LQGLYLGXDOV

������� ������� ���E(g2
it)'

2 E(gitgjt)'0 , iúj git ' gi,t&1 % uit

���%RWK

6XSSRVH� KHWHURVNHGDVWLFLW\�� FURVV�VHFWLRQDO� LQGHSHQGHQFH� DQG

DXWRFRUUHODWLRQ

������� ������� ���E(g2
it)'

2
i E(gitgjt)'0 , iúj git ' igi,t&1 % uit



8

$VVXPH�IXUWKHU�

XLW�-�1�����F�

XL
��KHWHURVNHGDVWLF������DQG�KRPRVNHGDVWLF�1�����F��

������)RU�DXWRFRUUHODWLRQgi1 - N 0 ,
2
ui

1& 2
i

��

F�LM� ���IRU�LúM���DQG��F�LL� �F
����S�LM� ���IRU�LúM���DQG��S�LL� �����

���DQG�WKHUHIRUH� �V' ¡ , ' 2 IN , ' IT V' 2 INT

����'LPHQVLRQ�LV�1�[�1'

2 0 ã 0

0 2 ã 0

! ! ã !

0 0 ã 2

���'LPHQVLRQ�LV�17�[�17V' ¡ '

2 0 ã 0

0 2 ã 0

! ! ã !

0 0 ã 2

ZKLFK�PHDQV�2/6�HVWLPDWLRQ�
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��

F�LM� ���IRU�LúM���DQG��F�LL� �FL
����S�LM� ���IRU�LúM���DQG��S�LL� �����

��V' ¡ , ' IT

���������������������'

2
1 0 ã 0

0 2
2 ã 0

! ! ã !

0 0 ã 2
N

V'

2
1[IT] 0 ã 0

0 2
2[IT] ã 0

! ! ã !

0 0 ã 2
N[IT]

1�[�1 �17�[�17

ZKLFK�PHDQV�*/6�HVWLPDWLRQ�ZLWK�JURXS�ZLVH�KHWHURVNHGDVWLFLW\

����������ˆ 2
i'

e T
i ei

Ti

ˆ 2
i'

e T
i ei

Ti&K
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���$XWRFRUUHODWLRQ��VDPH�IRU�DOO�JURXSV

V' ¡ , ' 2 IN

'

1 2 ã T&1

1 ã T&2

2 1 ã T&3

! ! ! ã !

T&1 T&2 T&3 ã 1

,I�DXWRFRUUHODWLRQ�GLIIHUV�DFURVV�JURXSV�

ZKHUH�V' 2

[ 1] 0 ã 0

0 [ 2] ã 0

! ! ã !

0 0 ã [ N]

i'

1 i
2
i ã T&1

i

i 1 i ã T&2
i

2
i i 1 ã T&3

i

! ! ! ã !

T&1
i

T&2
i

T&3
i ã 1



11

)URP�VPDOO�VDPSOHV�XVH�VDPSOH�FRUUHODWLRQ

ˆ i '

j
Ti

t'2

eitei,t&1

j
Ti

t'2

e 2
i,t&1

ˆ i '

j
Ti

t'2

eitei,t&1

j
Ti

t'2

e 2
i,t&1 j

Ti

t'2

e 2
it

�ˆ '

j
N

i'1
j
Ti

t'2

eitei,t&1

j
N

i'1
j
Ti

t'2

e 2
i,t&1

ˆ '

j
N

i'1
j
Ti

t'2

eitei,t&1

j
N

i'1
j
Ti

t'2

e 2
i,t&1 j

N

i'1
j
Ti

t'2

e 2
it

DQG�WKHQ�XVH�3UDLV�:LQVWHQ�RU�&RFKUDQ�2UFXWW�WUDQVIRUPDWLRQ�

3UDLV�:LQVWHQW (

i1 ' 1&ˆ2
i Wi1

&RFKUDQ�2UFXWW�DQG�3�:W (

it ' Wit&ˆ i Wi,t&1

:�DUH�YDULDEOHV�<�DQG�DOO�.�UHJUHVVRUV��;�
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���$XWRFRUUHODWLRQ�DQG�KHWHURVNHGDVWLFLW\

��V'

2
1[ 1] 0 ã 0

0 2
2[ 2] ã 0

! ! ã !

0 0 ã 2
N[ N]

i'

1 i
2
i ã T&1

i

i 1 i ã T&2
i

2
i i 1 ã T&3

i

! ! ! ã !

T&1
i

T&2
i

T&3
i ã 1

3URFHGXUH�

$SSO\� &RFKUDQ�2UFXWW�� WKHQ� WKH� UHVXOWLQJ� UHVLGXDOV� VKRXOG� EH

HVWLPDWHV�RI� ��GHQRWH�WKHP� ��ZKLFK�DUH�KHWHURVNHGDVWLF�DFURVVu (

it û (

it

JURXSV� EXW� QRW� DXWRFRUUHODWHG��:H� FDQ� XVH� WKHP� WR� HVWLPDWH� WKH

�JURXS��YDULDQFH�RI�X
LW
���L�H��F�

XL

ˆ 2
ui ' s 2

ui '
1

Ti&K j
Ti

t'1

û (
2

it ˆ 2
ui ' s 2

ui '
1
Ti

j
Ti

t'1

û (
2

it

DQG�WKHQ�XVH�KHWHURVNHGDVWLF�DSSURDFK�

W ((

it '
W (

it

sui

:
�DUH�WUDQVIRUPHG�YDULDEOHV�<
�DQG�DOO�.�UHJUHVVRUV��;
�

1RWH���� var(ei)'s 2
i '

s 2
ui

1&ˆ2
i
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%��VXSSRVH�FRUUHODWLRQ�RI�HUURU�DPRQJ�LQGLYLGXDOV�

6XSSRVH�DOVR�KHWHURVNHGDVWLFLW\�DQG��DXWRFRUUHODWLRQ

KHWHURVNHGDVWLFLW\E(g2
it)' ii

PXWXDO�FRUUHODWLRQ�EHWZHHQ�HUURUVE(gitgjt)' ij , iúj

��� $XWRFRUUHODWLRQ�VWUXFWXUHgit ' igi,t&1 % uit

,QQRYDWLYH�HUURUuit - N 0 , ii

,QQRYDWLYH�HUURU�LV�LQGHSHQGHQW�RQ�SDVWE(gi,t&1ujt)'0

7KLV�LV�WKH�PXWXDO�FRUUHODWLRQ�RI�LQQRYDWLYH�SDUWE(uitujt)' ij

,QQRYDWLYH�HUURU�LV�QRW�DXWRUHJUHVVLYHE(uitujs)'0 , tús

��� 9DULDQFH�FRYDULDQFH�WHUPVii'
ii

1& 2
i

ij'
ij

1& i j

$VVXPSWLRQ�RQ�ILUVW�HUURUV�

gi1 - N 0 , ii

1& 2
i

E(gi1gj1) '
ij

1& i j
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:H�FDQ�WKHQ�ZULWH�GRZQ�WKH�YDULDQFH�FRYDULDQFH�PDWUL[�

V'

11[ 11] 12[ 12] ã 1N[ 1N]

21[ 21] 22[ 22] ã 2N[ 2N]

! ! ã !

N1[ N1] N2[ N2] ã NN[ NN]

ij'

1 j
2
j ã T&1

j

i 1 j ã T&2
j

2
i i 1 ã T&3

j

! ! ! ã !

T&1
i

T&2
i

T&3
i ã 1

:H�FDQ�XVH�VLPLODU�SURFHGXUH�DV�EHIRUH�

���(VWLPDWH�DXWRFRUUHODWLRQ

ˆ i '

j
Ti

t'2

eitei,t&1

j
Ti

t'2

e 2
i,t&1

$QG�WUDQVIRUP�

3UDLV�:LQVWHQW (

i1 ' 1&ˆ2
i Wi1

&RFKUDQ�2UFXWW�DQG�3�:W (

it ' Wit&ˆ i Wi,t&1
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:�DUH�YDULDEOHV�<�DQG�DOO�.�UHJUHVVRUV��;�

$SSO\�DJDLQ�2/6��JHW�HVWLPDWHV�RI� ��GHQRWHG� ��DQG�XVH�WKHP�WRu (

it û (

it

HVWLPDWH�YDULDQFH�FRYDULDQFHV�

��������DQG�������sij '

ˆ
ij

1& i j

ˆ
ij '

1
T&K j

T

t'1

û (

it û
(

jt

1RWH��IRUP�XQEDODQFHG�SDQHOV�\RX�FDQ�XVH

ˆ
ij '

1
T j

overlapped t

û (

it û
(

jt , T ' |overlapped t|

˜
FGLS ' X (T ˆ &1X (

&1
X (T ˆ &1y (

Est.Var&cov(˜
FGLS )' X (T ˆ &1X (

&1

ˆ '

ˆ
11[IT] ˆ

12[IT] ã ˆ
1N[IT]

ˆ
21[I21]

ˆ
22[IT] ã ˆ

2N[IT]

! ! ã !

ˆ
N1[IT] ˆ

N2[IT] ã ˆ
NN[IT]

1RWH��7KH�XSSHU�OHIW�WHUP�RI�LQYHUVH�RI��SLM���SLM
����LV�GLIIHUHQW�IURP�WHUP

RI�PDWUL[��3L
73M�

7��DSDUW�IRUP�VFDOLQJ�IDFWRU�EHWZHHQ�PDWULFHV��

1 ú 1& 2
i 1& 2

j% i j

6ROXWLRQ��XVH�&�2�PHWKRG��RU�DXWRFRUUHODWLRQ�FRHIILFLHQWV�VKRXOG�EH

VLPLODU��'LVFUHSDQF\�LV�DV\PSWRWLFDOO\�LUUHOHYDQW�DQ\ZD\�
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7HVWLQJ

*URXS�ZLVH�KHWHURVNHGDVWLFLW\

VL V�IRU�DOO�L

LM ' W '
T
2 j

N

i'1

s 2
i

s 2
& 1

2

- 2
N&1

LR ' NT lnˆ 2 & j
N

i'1

T 2
i - 2

N&1 ˆ2
i '

e T
i ei

Ti

, ˆ2 '
e Te
NT

*URXS�ZLVH�FRUUHODWLRQ��ZLWK�KHWHURVNHGDVWLFLW\��XQEDODQFHG����

ULM ��IRU�DOO�L��M��L�!M

U��LV�FRUUHODWLRQ�FRHII��RI�UHVLG�LM ' T j
N

i'2
j

i

j'1

r 2
ij - 2

N(N&1)

2

LR ' T j
N

i'1

lns 2
i &ln det( ˆ ) - 2

N(N&1)

2


