Why Panel Data Models?

We can follow several units over time, therefore we can get:
Difference between units
Development over time
Efficiency gains
More observations
Seemingly Unrelated Regression (SUR)
Group-wise heteroskedasticity
Time-wise autoregression

What makes the difference from Time series data or Cross-sectional
data? Two approaches in literature>
1. Analysis error term €
2. Analysis of coefficients 3
Fixed effects - Bs are different for each individual
Random effects - the differences are “random”

Panel Balanced
Unbalanced

Short run adjustment Ay, = BTAX + Ae.
Long run adjustment y. = B'X. + ¢

Pooling the data
Suppose_ N individuals(groups) - i, T time points - t, K regressors

General form of the equation:



Stacking observations:

Yy = By Xpga + By Xpgp + Py Xpgg + o+ Py Xygg
Yo = By Xppg + By Xppp Py Xppg + oo+ Py Xppg

Yi3 = By Xigg + By Xigp + Py Xigg + oo+ Py Xizg

Yir = By Xipg * By X + By Xppg + oo + B Xipg

+ &
+ &
+ &

+ g
Yor = By Xppq + By Xy + By Xypg + oo + P Ky + €
Yoo = Py Xpgq + By Xpgy + By Xpgg + oo + Py Xy *+ €
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Yor = By Xorg By Kogp + By Korg + o + B Xy + &5y

Yoo = B X\aq * By X\go * By X\gs + - * Pk Kk * &mt

Yar = By Xara * Py Kuro + B X o+ B Xrk * &t



Matrix form:

y=Xp +¢
where

Y11 X11,1 X11,2 Xll,K

Yio X12,1 X12,2 X12,K

Yis X13,1 X13,2 X13,K

Yir XlT,l XlT,2 XlT,K 'B T
1

21 X21,1 X21,2 X21,K B
2

Y= Y, | X= X1 Kppo — Kpk p =

L BK .
Y2T X2T,1 X2T,2 X2T,K
YNl XNl,l XN1,2 XNl,K
I YNT ] I XNT,l XNT,2 XNT,K ]
NT x 1 NT x K Kx1
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Variance-covariance matrix E (e ")

Dimension is NT x NT
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GLS estimation (and FGLS) relies on knowledge or estimation of the
variance-covariance matrix V =

ﬁGLS = (X R _lx>_lx Vly

Boos = (XTV X)X TV Yy

E(ce™)

Est. Var-cov(Beg, < )= (X Vi)

and \7 is consistent estimate of V

Convenient decomposition of variance-covariance matrix for panel
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A: suppose no correlation of error among individuals

1. Easiest case
Suppose no heteroskedasticity, cross-sectional independence and no
autocorrelation

E(e) =02 , E(e,e)=0 , i#, E(gg,.1)=0

2. Group-wise heteroskedasticity
Suppose heteroskedasticity, cross-sectional independence and no
autocorrelation

E(ei)zciz, E(eitejt)zo , 7], E(gg,1)=0

3. Autocorrelation
Suppose no heteroskedasticity, cross-sectional independence and
autocorrelation
2 .
E(e;)=0" , E(e,e)=0 . 1#], & =pg, g + U
Suppose no heteroskedasticity, cross-sectional independence and
autocorrelation is the same for all individuals
2 .
E(ei)=0" . Elgg)=0 , i+, & =pgy + U
4. Both
Suppose heteroskedasticity, cross-sectional independence and
autocorrelation

2 2 . .
E(ei) =0 E(eitejt)=0 » 7L & = g T Uy



Assume further:
u, ~ N( 0, 0°,) heteroskedastic .... and homoskedastic N( 0, ¢°)

ul .
For autocorrelation

o,=0fori#j and 0;=0° Q;=0fori#j and Q;=1,

V=X®Q , T=6°1,, Q =1 andtherefore V=0° | ,
o2 0 - 0
0 62 . 0 _ o
2= Dimension is N x N
0O 0 . 02_
o2 0 - 0
0 62 . 0 _ o
V=XXQ = Dimension is NT x NT
0 0 - &

which means OLS estimation.



2.
o,=0fori#j and o;=0?, Q;=0fori#j and Q;=1,

V=ERQ , Q = |
o; 0 - O offl] 0 =~ 0
2 2
50 0 = 0 gl 0 a0
0 0 - o 0 0 - oyl
NxN NT x NT

which means GLS estimation with group-wise heteroskedasticity

T T

2 &8 2 G 8
Gi:= G|:=
T. T.-K



3. Autocorrelation, same for all groups

V=XXQ , X=6° |

N
p2 pT—l-
. pT—Z
1 ] pT—3
T-3 1

If autocorrelation differs across groups:

V=07

(2]
0

0 0 |
[@)] - O
0o .. [QN]_

where Qi =

_Pi

P;

P;

T-1

T-2

P;

P;

T-3
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From small samples use sample correlation

T, T
e.e
A t=2 -1 5 eI'[el,t—il.
.= A t=
p| TI p| =
2 T. T.
e | |
1,t-1 2 2
t=2 J €1 \l Ei
t=2 t=2
N T N T
Z; LTS Z; LTS
A |= t: ~ = t:
p = N T p =
Z I e2 N Ti 5 N TI 5
— el Z €1 o D D 6
=1 t=2 =1 t=2

and then use Prais-Winsten or Cochran-Orcutt transformation:

W = J1-p° W Prais-Winsten

Wi = W-p W, Cochran-Orcutt and P-W

W are variables Y and all K regressors (X)
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4. Autocorrelation and heteroskedasticity

2 T-1

2 1 p| Pi Pi
o] O 0 -

2 pl 1 p| Pi
VA 0 oyl 0 0 2 s

’ i P; p| 1 Pi

2
0 0 On 2y T-1 T-2 T3
Pi Pi Pi -1
Procedure:

Apply Cochran-Orcutt, then the resulting residuals should be
estimates of U, , denote them (., which are heteroskedastic across
groups but not autocorrelated. We can use them to estimate the
(group) variance of u, , i.e. 0°;

T, T,
2 2 1 S A2 2 1 v

O, = S; = —— . O, = =
ul ul It ui
T-K = T, t=1

and then use heteroskedastic approach:

Wi = —
Sui
W’ are transformed variables Y™ and all K regressors (X))

2
Ui

Note: var(ei)zslzz
1-p:
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B: suppose correlation of error among individuals

Suppose also heteroskedasticity and autocorrelation
E(eﬁ) =0, heteroskedasticity
E(eitejt) =0 | #] mutual correlation between errors

& = Pi&q T U Autocorrelation structure

it

u, ~ N (O , (pii> Innovative error
E(eu_lujt) =0 Innovative error is independent on past
E(uitujt) =9, This is the mutual correlation of innovative part
E(uitujs) =0, t#s Innovative error is not autoregressive
0. = i 0. = ?i Variance-covariance terms

i 1—p.2 ij 1_pipj

Assumption on first errors:

®ii

g, ~ N O,1 >
-
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We can then write down the variance-covariance matrix:

-011[911] O1,[ Q5] O3 [244]
0[] 0,5[Q5] oy [R0]

V=
_GNI[QNl] Onal 2l - GNN[QNN]_
2 T-1
1 p p;
T-2
pp 1 p p;
- 2 3
7 pr g Lo p
T-1 T-2 T3
P P P 1 ]

We can use similar procedure as before:

1. Estimate autocorrelation
T

|
€

tt-1

And transform:;

* ~2
W, = vl—pi W,

\Nlt* - \Nit_ﬁi \Ni,t—l

Prais-Winsten

Cochran-Orcutt and P-W
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W are variables Y and all K regressors (X)

Apply again OLS, get estimates of uit*, denoted Git*, and use them to
estimate variance-covariances:

(,l\)" -~ 1 T A ¥ A K
= ’ and T —— > G it
1_pipj

Note: form unbalanced panels you can use

~ 1 A K A kK
0y = = Y GG, T = |overlapped t|
T overlapped t

BFGLS _ (X T Ix *>_1X Ty

Est.Var-cov(B.q, s )= X T )

-(,l\)ll[IT] (,l\)lz[IT] (,l\)lN[IT]-

(,l\)21[|21] (,l\)ZZ[IT] (,l\)ZN[IT]

_(,l\)Nl[IT] (,l\)NZ[IT] (,l\)NN[IT]_

Note: The upper left term of inverse of Q;, Q,”, is different from term

of matrix (P,'P,)" (apart form scaling factor between matrices):

Lo i o

Solution: use C-O method, or autocorrelation coefficients should be
similar. Discrepancy is asymptotically irrelevant anyway.
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Testing

Group-wise heteroskedasticity

s=s for all i
5 2
T - |S 2
LM = W = — — -1~ N1
2 -1 |s?
N e'e T
LR = NTIng® - ¥ To? ~ 4%, #-_1  g=LF€
; I X N-1 I Ti NT
Group-wise correlation (with heteroskedasticity, unbalanced...)
r;=0 for all i, j, i<>]
N i , ,
LM =T Z M~ % sy r? is correlation coeff. of resid.
=2 j=1 2

N
LR=T (st,z—m det(2)

=1

2
~ X NN-D
2
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