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Abstract

In a heterogeneous-agent small-open economy welfare e¤ects of immigration policy and
social security reforms is studied. It is claimed that increased immigration policy makes
everyone better o¤ across and within generations. Three alternative social security systems
are considered - fully funded, pay-as-you-go, and pay-as-you-go with restriction of per period
balanced social security budget. It is shown that the fully funded and PAYG systems are
equivalent in welfare terms. The study is concentrated on the behavior of the welfare under
restricted PAYG (and its relation to the welfare under alternative policies) which changes
with the characteristics of the immigrants and the nature of assimilation that the generations
of immigrants undergo.

1 Introduction

Ageing is a phenomenon of increase in the average age of the population. During
the last decades most of the developed world has experienced continuous decrease
in fertility and mortality rates. In Europe fertility rate decreased much more than
the mortality rate and thus the European population is declining: It is expected
that Europe�s population will decline by two percent from 2005 to 2050 (CEC,
2006). The fastest decline will be observed among the young, which will partially
be �compensated� by the increase in the old and oldest-old population. Thus
a standard age-gender pyramid is expected to take a form of a sarcophagus in
Europe in the future (Uebelmesser, 2004). A heavy top part of that sarcophagus
creates many problems for the society and economy.
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Population ageing increases social security expenses and burdens the public �-
nances. The large number of retired people relative to the shrunk working age
population results in more bene�ciaries per contributor. With a smaller contri-
bution base and increasing number of bene�ciaries the government will have a
problem of �nancing their pension systems. The social policy has already become
a burden for most of the developed countries. The social expenditures have been
increasing at least for the last 20 years in tandem with the share of the old-age
population. In some EU countries the expenditures already approach critical lev-
els: In 2050 average contribution rate in the EU should be 27 percent instead of
the current 16 percent, in case the present rules are kept unchanged (Lindbeck &
Persson, 2003).

Many possible ways of dealing with this problem are proposed. As the pension
design includes taxes and bene�ts, it is always possible to make those parametric
changes to balance the system. However, reduction of the social bene�ts contra-
dicts the basic idea of social states of Europe. Also, an increase of the taxes will
have harmful consequences in Europe as it may result in �voting with feet�(Ue-
belmesser, 2004) when the young working generation prefers to emigrate because
of the heavy social policy.

At the same time, pension system can undergo structural reforms moving from
unfunded to funded system, from non-actuarial to more actuarial system. The
actuarial system has the advantage of being non-distortionary, and thus brings
aggregate e¢ ciency gains with it. Moreover, fully funded system ensures the neu-
trality of the social security on the government budget.
After Peniña reforms in Chile, pension reforms gained popularity. The transi-

tion from pay-as-you-go (PAYG) to a fully funded scheme seemingly releases the
governments from the problem of �nancing social security. Further, Aaron (1966)
established the fact that the PAYG system is preferred to fully funded system till
the sum of population and the real wage growth rates exceed the real interest rate
in the economy. Hence, in the developed world the fully funding is supposedly the
preferred scheme as a result of the current and expected negative growth rate of
the population: The fully funded system will guarantee higher pensions for the
retirees and will eradicate the problem of sustainability for the government. How-
ever, the fully funded system cannot be introduced at once as the PAYG system
already exists.

When the PAYG system has been introduced the initial generation received
bene�ts without contributing to the system, and from then on all the upcoming
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generations have to pay the generated debt. Razin & Sadka (1999) showed that in
case there is no terminal-generation the initial-debt-�nancing problem will never
emerge. Alas, the transition terminates the system, and the old (implicit) debt
needs to be paid. Thus, the reasonableness of the transition is questioned in the
literature.

Lindbeck and Persson (2003) argue that a cut in bene�ts and increase in con-
tribution rate su¢ ce to sustain the current system if not the re-distributional
concerns. It has been shown in the literature (e.g. Conesa and Garriga, 2007, and
section 2.6 of the current paper) that such a transition per se does not generate an
e¢ ciency gain as the burden of the introductory gift (the �rst bene�ts distributed
to the population who did not contribute) will exist in both cases.
Whilst the traditional economic policies became ine¤ective to sustain the social

security in an ageing society new policies have been proposed. One of them is based
on the observation that while some countries are short in working age population
some others have excess supply of it1. Hence, importing the productive factor
is viewed as a Pareto improvement.2 Building on the idea, the ageing economy
does not pay for an import of a factor of production, the immigrants, but the
immigrants can get employed in the economy and pay taxes, which can be used to
cover the budgetary shortages connected with the social expenses (e.g. Razin and
Sadka, 2000; Fehr, Jokish, Kotliko¤, 2004; Akin, 2007).

However, this paper studies yet-non-discussed possibility of reform: A possible
change in government policy can include reforms both in immigration and social
security systems. Given the equivalence result discussed above both policies, sus-
taining the existing pay-as-you-go system or terminating the existing and adopting
fully funded system should yield the same welfare to the population. However, the
key assumption behind the equivalence result is the �exibility of social security
budget constraint, which is in�exible by de�nition.

Furthermore, the immigrants are di¤erent in their characteristics, and thus
when introduced they bring distortions to the social security budget. While in the
funded system the government is able to transfer the debt over the generations,

1Fargues (2005) brings the example of Egypt where annually additional half a million workplaces are needed
to absorb the new generation entering the labor market.

2Currently the immigration policy formulation does get a high priority among other institution building activ-
ities in the EU. A solid proof to it is the �Green Paper�(CEC, 2005). It pre-de�nes an �EU approach to managing
economic migration.� The Green Paper aims to design an immigration policy that would ful�ll the Lisbon Strategy
(of building knowledge-based social economy). Among the other policies directly aimed at ful�lling the Lisbon
Strategy (e.g. attracting students and researchers), the Paper highlights the possibility of using migration policy
to secure �scal sustainability of the social scheme.
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the pay-as-you-go system has to absorb each generation separately. Moreover,
if the future generations of the immigrants do not assimilate they bring further
distortions.

The demographic literature (e.g. Milewski, 2007) does not have a unique answer
to how exactly the immigrant generations assimilate. Thus for the countries with
high immigration (e.g. US, Germany, Spain) it is useful to know the possible
scenarios that the immigration can cause to the social security. In what follows it is
shown that depending on the nature of the assimilation the immigrant generations
undergo the welfare of the present and cohorts is di¤erent. Depending on the
nature of the assimilation di¤erent cohorts are being gainers or losers of the possible
reform.

In the current work a small open economy is discussed where initially PAYG
system is installed. The population growth is taken less than the market interest
rate so that the PAYG system is not e¢ cient and that to match the European and
other developed nations. Thus, the government is allowed to make reforms both
in the social security �eld and immigration policy. Four policies are discussed and
compared in welfare terms: The government (a) maintains the PAYG system and
does not allow immigrants (status quo), (b) maintains PAYG and conducts high
immigration policy, (c) maintains PAYG with �exible budget constraint and high
immigration policy, and �nally, (d) terminates PAYG, starts funded system and
conducts high immigration policy. In neither of the cases it is allowed to have an
immigration policy which makes population growth higher than the market interest
rate. The assumption is needed for economic, social and technical reasons: High
population growth rate would make PAYG unarguably better in terms of welfare;
however it would bring social sentiments, e.g. �racial suicide,�and would result in
various in�nitesimally small categories which are technically unwanted.

The demographic side of the paper is mostly standard in the literature. How-
ever, two main di¤erences can be highlighted: �rst, the immigrants do not necessar-
ily have lower skills compared to the natives, and second the immigrant generations
do not necessarily assimilate. Three alternative assimilation scenarios are studied:
the immigrant generations fully assimilate (a usual assumption in the literature),
partially assimilate (keeping the fertility rates of the ancestors but converging to
the educational level of the natives), and non-assimilation (neighborhood e¤ect
and the like). The theoretical possibility of partial assimilation with keeping the
educational level of the ancestor while adapting the fertility rates of the natives is
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not discussed as it is not observable in real life3.

The rest of the paper is organized as follows: Section 2.1 describes the economic
environment and gives basic de�nitions of the terms. Sections 2.2 to 2.6 de�ne
status quo, unrestricted pay-as-you-go and fully funded economies, and give the
basic results of Pareto-improving property of increased immigration policy, as well
as the equivalence result discussed above. Section 2.7 describes �classic�unfunded
social security system and conducts welfare comparison with other economies under
diferent assimilation scenarios. Finally, Section 3 concludes the paper.

2 The Model

2.1 The Economic Environment

The economy is presented by a small-open-economy model where di¤erent types of
agents and the government interact. The model is abstracted from the existence
of a �rm, though it is not an exchange-economy model. The model assumes that
the government and the agents take the world prices of the consumption good and
resources - labor and capital. The price of the consumption good is taken as the
unity, and the price of using the capital resource and the labor resource for one
period is denoted by r and w respectively.
However this approach is equivalent of assuming the existence of a �rm which

takes the world prices, utilizes all the labor supply in the economy to produce
good using the world technology. At the same time it is assumed that the supply
of the capital good is in�nitely large at the world price. If either of the resources
has constant price over time, the other resource�s price is also constant given CRS
world production function.

2.1.1 Demographics

The economy is populated with agents who di¤er in their age (i), skills (s) and
the generation in the country (g). For simplicity, there are only two groups for
age and skills: the agents are either young (0) age or old (1) age, and are either
unskilled (0) or skilled (1). Generation can take any value, g = 0; 1; 2:::, where
g = 0 for the locals and their generations, g = 1 for the newly immigrated agents,

3The only case in the known history that could argue in favor of this scenario is the Soviet immigration to
Israel: The immigrant generations kept the high level of education but increased their fertility rates. However
this can be considered as a case of full assimilation, as the educational level of natives and immigrants were
comparable.
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and g = 2; 3::: for the subsequent generations of the immigrants. A measure of
population, denoted by �t(i; s; g); is de�ned over the agents of type (i; s; g) at time
t.
The agents live two periods. During the �rst period of their lives the agents

are young: They supply labor to the market, get wages, make savings and con-
tributions to the government budget. In the next stage of their lives, the agents
are non-productive, thus their work is not paid, and however, they get back their
savings with the interest and some government bene�ts. All the agents live both
periods, i.e. there is no life-uncertainty. For the notation i = 0 will be used for
the young age, and i = 1 for the old age agents (Table 1).

Table 1. Individual Characteristics

Age fertility

i =

�
0 for young age
1 for old age

�(i; g) =

�
0 for i = 0
1 + � (g) for i = 1

Skills productivity

s =

�
0 for unskilled
1 for skilled

"(i; s) =

�
" (s) for i = 0
0 for i = 1

Generation skill distribution

g =

�
0 for locals
i for generation i

(s; g) =

�
(0; g) for s = 0
(1; g) for s = 1

The immigrants are allowed to the country when they are young. The further
generations are born in the country. Their behavior during the two periods of the
lifetime is similar to the natives, viz. they work, save and pay taxes while they
are young, and get back the savings and some government bene�ts while old. The
immigrants and their generations may be di¤erent in their reproductive behavior
from the natives (e.g. Alders, 2000).
When the locals turn to the second period of their lives they produce young

age local agents equal to them in the number, �(0) = 0:4 The fertility rate of the
immigrants and their generations are larger or equal to that of the locals: �(g) � 0.
When born the agents observe their skill level, s: Only two levels will be consid-

ered - the unskilled workers denoted by s = 0; and skilled workers with s = 1:The
locals draw their skill level from a distribution which is constant on the aggregate
level: The � part of the local young age agents are skilled and the remaining (1��)

4 It is worth noting that, though ageing supposes decreasing population rate, unit fertility is still a valid
assumption for studying problems connected to unfunded social security system: Aaron (1966) claims that the
unfunded social security generates welfare losses for the agents if the natural rate of return is larger than the
social security system�s rate of return (which is equal to the population growth rate in this model). For that
reason only those levels of migration will be studied with which the natural rate of return will still exceed the
system�s rate of return.
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part are unskilled. The skill distribution of migrants is assumed to be part of the
government policy. Thus, the government chooses � 2 [0; 1] part of the migrants
to be skilled and (1 � �) unskilled. The migrant generation may inherit their
parents�distribution of skills or the local distribution (Table 1). Both versions
will be considered later. For the young age agents the skill level is translated into
e¢ ciency level, " (s) ; in the labor market.

2.1.2 Population Dynamics

Agents are di¤erently introduced to the economy depending on their generation.
While the government chooses the type and age of immigrants, the others are being
born at the age zero and draw their type from the distribution. The � part of the
newborn locals is skilled, while the rest of the newborns are unskilled. Children of
the migrants and their descendants draw their productivity from their distribution,
(s; g), thus the evolution of population can be presented as follows:

�t+1(0; 1; 0) =
X
s

�t(0; s; 0) � � (1)

�t+1(0; 0; 0) =
X
s

�t(0; s; 0) � (1� �) (2)

�t+1(0; 1; g) =
X
s

�t(0; s; g � 1) � (1 + � (g � 1)) � (1; g) (3)

�t+1(0; 0; g) =
X
s

�t(0; s; g � 1) � (1 + � (g � 1)) � (0; g) (4)

�t+1(1; s; g) = �t(0; s; g) (5)

On the other hand, each period the migrants are being introduced into the
economy when they are young. It is assumed that the government policy for the
migrants is such that the young age migrants will be equal to a constant fraction
of the young age locals:

�t(0; 1; 1) =  
X
g 6=1

X
s

�t(0; s; g) � � (6)

�t(0; 0; 1) =  
X
g 6=1

X
s

�t(0; s; g) � (1� �) (7)

The e¤ective labor at period t; Nt; is the sum of the young age agents according
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to their e¢ ciency level:

Nt =
X
s

X
g

�t(0; s; g) � " (s) (8)

thus the e¤ective labor per average local young age agent can be represented as

N0 = � � "(1) + (1� �) � "(0) (9)

and the e¤ective labor per migrant:

� = � � "(1) + (1� �) � "(0) (10)

Hence, at the �rst period the e¤ective labor is the weighted average of the locals
at the period zero and the migrants:

N1 = � � "(1) + (1� �) � "(0) + � �  (11)

where the local young age population at time zero is assumed to be unity.

2.1.3 The Government

The government in this economy conducts �scal, social and immigration policies.
The �scal constitution includes governing the public debt, Bt; and collecting labor
income tax, � t: Government also distributes social security bene�ts to the old
age agents, 'tw"(s) for the type s agents, where 't is the replacement rate

5.
Immigration is under the government control. The government decides on the
skill distribution of the migrants, �. However, the government policy does not
allow for the old age immigrants, as that policy is the same as to increase the
population at no cost. In the equilibrium the migration will be set at a constant
fraction level,  :
It is assumed that the government can also borrow and lend any amount of

money any time it needs:X
s;m

'tw"(s)�t(1; s; g) +Bt =
X
s;m

� tw"(s)�t(0; s; g) +Bt�1(1 + r) (12)

However the government policies should be feasible, thus the following sustain-
ability, no-perpetual-debt-�nancing condition must be satis�ed:

lim
t�!1

Bt � (1 + r)�t = 0 (13)

5The replacement rate is the ratio to the e¤ective wage that the agents get as social security bene�t.
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Further two type of government policies will be discussed and compared - a
PAYG system and a Laissez Faire system - where the PAYG system is charac-
terized with active government intervention and active social security policy as
opposed to the Laissez Faire system. In both cases it will be assumed that the
economy starts with a zero migration, active social security policies, as well as
some initial government assets (debts).

2.1.4 The Households and Welfare

The household in this economy is presented by an individual agent who maximizes
lifetime utility, which is derived from consumption in the both periods:

U
�
ctt; c

t
t+1

�
= v(ctt) + �v(ctt+1) (14)

where cij is the consumption of an agent born at time i during time j; U(�; �) is a
time separable utility function with � 2 (0; 1) being the time discount coe¢ cient
and v(�) being a continuous, twice continuously di¤erentiable, strictly increasing,
strictly concave function that satis�es the Inada conditions6. To �nance consump-
tion agent uses labor income net of taxes and savings in the �rst period, and for
the second period the agent uses the capital income (from savings) and govern-
ment bene�ts. Thus, at time t a (0; s; g) type agent faces the following budget
constraints:

ctt + at � w"(s) (1� � t) (15)

ctt+1 � 'tw"(s) + at(1 + r) (16)

where at is the savings, � t is the tax rate, and 'tw"(s) is the bene�t.
Further, as there are no borrowing constraints, (15) and (16) can be combined

into one intertemporal budget constraint:

ctt +
ctt+1
1 + r

� w"(s)

�
1� � t +

't
1 + r

�
(17)

Essentially the intertemporal budget constraint (17) shows that only the present
discounted value of the lifetime after-tax income, i.e. the expression on the right-

6Leisure is not considered for a notational simplicity: All of the following results would hold if the utility was
also a function of leisure: U(ctt; c

t
t+1; nt; nt+1): Further, if a conventional time-separable, CRRA utility function

is assumed:

U(ctt; c
t
t+1; nt; nt+1) =

X
�i

h�
ctt+i

��
(nt+i)

�
i1��

1� �
and given the budget constraint (15)-(16), the agent�s decision on leisure does not depend on other (own and
government) policy variables.
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hand side of (17), matters for the consumption choice of an agent type (s; g). This
observation is the base of the following lemma:

Lemma 1 Let Us(� t; 't) be the lifetime utility as a function of the size of the
social security system:

Us(� t; 't) = maxU
�
ctt(s); c

t
t+1(s)

�
(18)

and also denote
Wt � 1� � t +

't
1 + r

(19)

then Us(� t; 't) is strictly increasing in Wt:

Proof. The �rst order conditions of the optimization problem (14) subject to
(17) give implicit functions of consumptions in the both periods depending only
on Wt de�ned in (19): ctt = ctt (Wt) and ctt+1 = ctt+1 (Wt) :On the other hand
U
�
ctt(s); c

t
t+1(s)

�
is strictly increasing in both arguments and thus is strictly in-

creasing in Wt. Then from the de�nition, Us(� t; 't) is also strictly increasing in
Wt:

As it was mentioned above, Lemma 1 �rstly states the obvious fact that the
lifetime utility of an agent depends on the values of the government policies, � t
and 't; maintained under given equilibrium. In addition the lemma shows that the
utility is proportional to the speci�c form of the e¤ect of the government policies
on the lifetime income of the agent, Wt: This result is due to the assumption of
small open economy where the prices of capital and labor are given, and provides a
possibility to study the �rst order e¤ects of the government policy on the welfare.
Further, all type s agents of the same generation face identical optimization

problem (14)-(17), viz. Us(� t; 't) is independent of the agents�generation in the
country g and represents the utility of all the type s agents of generation t. More-
over, according to the lemma 1 both Us(� t; 't) for s = 0; 1 are strictly growing
in Wt at the same time. However Wt is independent of agents�skill type s and
thus is a valid measure of welfare for the entire generation under di¤erent govern-
ment policies. Therefore, in what follows Wt will be referred to as the welfare of
generation t and will be used to compare the welfare of the agents under di¤erent
policies.
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2.2 The Status Quo Economy

The economy starts with an installed PAYG system and no immigration policy.
The initial old, or the generation t = 0 at period t = 1, did contribute to the
PAYG system in the previous period and thus anticipate social security bene�ts
with replacement rate:

't = � (20)

during the period t = 1: Under status quo economy no social security reform is
undertaken and thus the government continue maintaining PAYG system with the
same bene�t level given at (20) and levies a tax, constant over time, to balance
government budget constraint (12)-(13):

� t = �SQ (21)

The Status quo economy assumes that the government does not alter the im-
migration policy as well, i.e. the zero immigration policy is continued:

 = 0 (22)

Thus the population dynamics from the Section 2.1.2, from the assumption of
one-to-one reproduction rate of the natives in combination with (22), takes the
following form:

Nt = Nt�1 = N0 (23)

The equilibrium in the Status quo economy is an allocation
fc01(s); ctt(s); ctt+1(s); at;�t(i; s; g); �SQ;Btg

t=1;2;:::
s=0;1;g=0;1:::, such that the old age agents

consume their savings and social security bene�ts, households optimize (14)-(17),
the government budget (12)-(13) is balanced, and the population dynamics follows
(23), given the world prices of labor and capital resources, w and r, and the val-
ues of B0; fa0g1s=0 ; N0; constant rates of replacement (the bene�t ratio), �; and
migration,  :
In the Status quo economy the agents of all the generations get equal welfare:

Lemma 2 In the Status quo economy the welfare Wt = WSQ for all t where:

WSQ = 1� �
r

1 + r
(24)

Proof. Dividing (12) by (1 + r)t and taking sum over all periods results in

�SQw
1X
t=1

N0

(1 + r)t
= �w

1X
t=1

N0

(1 + r)t
+

1X
t=1

Bt �Bt�1(1 + r)

(1 + r)t
(25)
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which with conditions (13) and B0 = 0 solves for

�SQ = � (26)

Plugging (26) into (19) will give (24).

The equal welfare for all the agents is a result of the constant tax rate as-
sumption as the bene�ts are equal by de�nition. However, the same result would
be obtained if the social security budget was being balanced each period for the
population evolves according to (23).
In the following sections the welfare under di¤erent policies will be considered.

All the policies (equilibria) discussed below consider immigration policy reform, i.e.
positive number of immigrants is allowed into the economy. Thus the comparison
of the welfare under Status quo with the other equilibria will indicate the e¤ect of
the immigration policy on the natives.

2.3 PAYG equilibrium

The economy starts with existing PAYG system with replacement rate �, initial
government assets B0; and zero migration, i.e. in the Status quo economy. Under
PAYG equilibrium the government continues with active social security policy,
where the replacement rate is on a constant level:

't = � (27)

Besides continuing on the social policy, constant �ow of immigrants (with average
skill level �) is introduced to the economy following (6) from the �rst period
onward. At the same time the government sets a constant tax level:

� t = �P (28)

so that its budget constraint (12) is satis�ed.7

Given the world prices of labor and capital resources, w and r, and the values
of B0; fa0g1s=0 ; f�0(i; s; g)gi;s;g ; constant rates of replacement (the bene�t ratio),

7The constant tax rate is one of the many solutions that would balance the government budget constraint (12)
given constant migration and replacement rates, (6) and (27). However, there is no Pareto-superior alternative
to constant tax policy: Constant tax charges each generation equally and distributes all the (current and future)
liabilities over all the generations equally. Thus if any one generation pays less tax (and yields higher welfare
according to (19)) then some other generation should pay higher tax to compensate for that (and so educing lower
welfare according to (19)).
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�; and migration,  ; and the parameters of population skill distribution � and �;
an equilibrium is fc01(s); ctt(s); ctt+1(s); at;�t(i; s; g); �P ;Btg

t=1;2;:::
s=0;1;g=0;1:::; such that

1. The old age agents at period 1 consume:

c01(s) = �w"(s) + a0(s) � (1 + r) (29)

2. Households maximize (14) subject to (15)-(16):

maxU
�
ctt; c

t
t+1

�
; (30)

s:t:
ctt + at � w"(s)

�
1� �P

�
ctt+1 � �w"(s) + at(1 + r)

3. The population sequence f�t(i; s; g)g
1
t=0 is generated by (1)-(5)

4. The government policy satis�es (12), (13), (27) and (28).

Hence in this economy the initial old agents, i.e. generation born at time 0, are
una¤ected by the policy change and get the welfare they have been promised in the
Status quo economy. On the other hand, all the generations born after time 0 get
equal to each other welfare because the tax and bene�t rates are set to be constant.
Thus the PAYG equilibrium corresponds to the case when government undertakes
immigration policy reforms however the social security policy is unaltered.

2.4 Welfare comparison: Status quo vs. PAYG

The de�nition of PAYG equilibrium in case of nil immigration is identical to the
de�nition of the equilibrium in the Status quo economy. Thus the comparison of
the PAYG and Status quo shows the e¤ect of the immigration policy reform on
the welfare of the agents:

Proposition 1 WP > WSQ for any  > 0:

Proof. From the sum of (12) divided by (1 + r)t over all the periods, and condi-
tions (13), B0 = 0 it follows that under PAYG equilibrium:

�P � �

1 + r
=

�N0
1 + r

 1X
t=1

Nt

(1 + r)t

!�1
(31)
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and in the Status quo

�SQ � �

1 + r
=

�N0
1 + r

 1X
t=1

N0

(1 + r)t

!�1
(32)

As according to (1)-(11) Nt > N0 for any  > 0 and t � 1; it is true that

�N0
1 + r

 1X
t=1

Nt

(1 + r)t

!�1
<

�N0
1 + r

 1X
t=1

N0

(1 + r)t

!�1
(33)

Hence from (19) and (31)-(33) follows the claim.

Virtually, Proposition 1 shows that increased immigration is a Pareto-improving
policy independent of the size and skill distribution of the migrants and their de-
scendants. In other words, increased immigration does not have any channel to
decrease the welfare of the locals. On the contrary, immigrants and their descen-
dants increase the rate of return of the PAYG system and thus the welfare of the
agents under the PAYG equilibrium.

2.5 Laissez faire equilibrium

In the �rst period the government terminates existing PAYG system in a Sta-
tus quo economy setting the replacement rate on zero level for all the upcoming
generations:

't = 0 (34)

for t � 1: However the government satis�es the bene�t claims of the generation
born at t = 0. Thus the government turns the implicit debt of the terminated
PAYG system into an explicit debt . At the same time the government introduces
constant (fraction  of natives) �ow of migrants with average skill level �. In
order to �nance the debt the government sets a tax on constant level �L so that
the following constraints are satis�ed:X

s

�w"(s)�1(1; s; g) +B1 =
X
s

�Lw"(s)�1(0; s; g) +B0(1 + r) (35)

(for all the other periods) Bt =
X
s

�Lw"(s)�t(0; s; g) +Bt�1(1 + r) (36)

lim
T!1

BT (1 + r)
�T = 0 (37)

Again the constant tax rate is one of the many solutions that would balance
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(35) - (37). However, there is no other tax policy which is Pareto-superior to
this policy: By terminating the existing PAYG system the government turns the
implicit debt of the system into an explicit debt which is added to the initial debt,
B0 = 0; to form total government liabilities. After the government levies taxes
to service the liabilities, and the �xed tax rate distributes those liabilities equally
over the generations. Thus if the tax rate is lowered for any one generation then
the other generations have to pay higher taxes in order to �nance the government
debt.

Given the world prices of labor and capital resources, w and r, and the val-
ues of B0; fa0g1s=0 ; f�0(i; s; 0)gi;s ; �; the constant rate of migration  , and the
parameters of population skill distribution � and �; an equilibrium is a sequence
fc01(s); ctt(s); ctt+1(s); at(s);�t(i; s; g); �L;Btg

i;s;g
t=1;2:::; such that

1. The old age agents at period 1 consume:

c01(s) = �w"(s) + a0(s) � (1 + r) (38)

2. Households maximize (14) subject to (15):

maxUt
�
ctt; c

t
t+1

�
; (39)

s:t:
ctt + at � w"(s)

�
1� �L

�
ctt+1 � at(1 + r)

3. The population sequence f�t(i; s; g)g
1
t=0 is generated by (1)-(5)

4. The government policy satis�es (35)-(37):

The equilibria described above start from a point with existing (de�ned bene-
�t) PAYG social security system and no migration policy, i.e. they start in the
Status quo type economy. In the above described PAYG equilibrium the exist-
ing (unfunded) social security system is preserved and positive immigration �ow
is introduced to the economy. This case essentially corresponds to a government
immigration policy reform. Correspondingly, the Laissez Faire equilibrium ter-
minates the existing social security system and introduces a positive immigration
�ow. Thus Laissez Faire equilibrium presents a case of reform in both of the
government policies.
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2.6 Welfare comparison: Laissez Faire vs. PAYG (and Status quo)

In essence the comparison of Laissez Faire and PAYG equilibria is a study of
social security reform: From the de�nitions of the equilibria under each level of
immigration the PAYG and Laissez Faire equilibria correspond to a reform with
speci�c population dynamics. Agents have welfare losses in participating in the
PAYG system where the rate of return is lower than the real rate of return. On
the other hand, under the Laissez Faire equilibrium they have to pay extra taxes
for �nancing debt generated by termination of existing PAYG system. Thus the
agents face higher tax than bene�ts in both of the equilibria. Meantime the next
claim shows that welfare under these equilibria are identical:

Proposition 2 Laissez Faire and PAYG equilibria yield equal welfare:

WL = WP (40)

where WL = Wt under Laissez Faire equilibrium, and WP = Wt under PAYG
equilibrium.

Proof. From (34) and (35)-(37) can be obtained that

�L =
�N0
1 + r

 1X
t=1

Nt

(1 + r)t

!�1
(41)

Plugging �P from (31) and �L from (41) into (19) and using (27) and (34) will
prove the claim.

Corollary 1 Increased immigration policy is welfare enhancing independent of
social security policy:

WL = WP > WSQ (42)

Proof. Follows directly from the Proposition 1 and 2.
In essence, Proposition 2 shows that in an open economy where the bene�ts are

proportional to the income level, i.e. the taxation is non-distortionary, Pareto-
improving transition to a funded system is not possible by itself. Similar equiv-
alence results in the framework of social security reforms are presented in Fenge
(1995), Lindbeck & Persson (2003) and Conesa & Garriga (2007). They claim
that the government can conduct a Pareto-neutral reforms using appropriate debt
�nancing. Accordingly, Proposition 2 extends their result to show that Pareto-
neutral reforms are possible while there are demographic changes in the number
and skill level of the population, i.e. where the heterogeneity and migration are
incorporated to the model.
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While it is possible to compare PAYG and Laissez Faire equilibria with di¤er-
ent levels of immigration rate, most of those cases are of no economic meaning.
However, it is worth comparing Laissez Faire with positive immigration to PAYG
with nil immigration, i.e. to Status quo economy. This comparison shows the wel-
fare e¤ect of the reforms in both policies, immigration and social security. As the
Corollary 1 shows the increased immigration policy is Pareto-superior independent
of social security policy.
It should be noted as well that the claim in Proposition 2 does not depend on

the size of immigration rate  , and most importantly includes the case of zero
immigration. Hence the proposition suggests that sole social security reform, i.e.
Laissez Faire with no immigration, is Pareto-neutral.

The claim in this section is thoroughly based on the idea that the government
can freely manage the social security budget. However the unfunded social security
systems assume some restrictions. Next section discusses the issues arising from
those restrictions.

2.7 PAYG equilibrium with restrictions

While some authors (e.g., Attanasio, Kitao & Violante, 2007; Nishiyama & Smet-
ters, 2007) describe PAYG system as it is de�ned in the in the section 2.3, i.e.
balancing social security budget over in�nite horizon, others (e.g., Sand & Razin,
2007; Conesa & Gargia, 2007; Fuster, Imrohoroglu & Imrohoroglu, 2007; Hong &
Rios-Rull, 2007; Krueger & Kubler, 2006) consider �classical�PAYG with period-
per-period balanced social security budget constraint8:X

s;g

'tw"(s)�t(1; s; g) =
X
s;g

�RPt w"(s)�t(0; s; g) (43)

Thus government sets �RPt in each period in order to satisfy the budget constraint
for a �xed replacement rate.
The de�nition of the Restricted PAYG equilibrium is same as in section 2.3 with

only changes being (43) replacing (12) and (28), and �RPt being part of the �scal
constitution instead of �P .9

Under restricted PAYG the initial old generation is getting what they were
promised as it was before, however, as opposed to the equilibria de�ned before,

8By de�nition unfunded social security system has period-by-period balanced budget constraint (Uebelmesser,
2004).

9As the government might have inherited initial debt, B0; another tax would have been introduced for serving
it. As before a constant tax rate �B would be considered so that (36)-(37) type dynamic budget constraint would
be satis�ed. However, as before for simplicity B0 = 0 will be assumed.
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each generation may face di¤erent contribution rate and thus di¤erent welfare
level. The di¤erence in the tax level can be caused by the changes in the e¤ective
labor force in the economy. Unless the change of the e¤ective labor force from one
generation to the other grows with constant rate (including zero growth) the tax
level will be di¤erent for each generation.

2.8 Welfare comparison: Restricted PAYG vs. Status quo, PAYG and
Laissez Faire

In this section the welfare under restricted PAYG equilibrium is compared to all
the previous cases with unrestricted government budget constraint, Status quo,
PAYG and Laissez Faire. First, the restricted PAYG will be compared to the
Status quo economy. Afterwards, restricted PAYG will be compared to Laissez
Faire and to PAYG (by transitivity from the equivalence result of the Proposition
2).
It is important to note that the Status quo economy would deliver the same

welfare was it employing restricted budget constraint. Thus the comparison of
restricted PAYG to Status quo shows the e¤ects of immigration policy reform
while the social security budget is balanced each period.

Proposition 3 Increased immigration brings higher welfare:

WRP
t > WSQ (44)

for any  > 0 and any t � 1 whereWRP
t = Wt under restricted PAYG equilibrium:

Proof. From (5) and (43) for PAYG, and (26) for Status quo, follows that

�RPt = �
Nt�1
Nt

(45)

�SQ = � (46)

At the same time from (1)-(11) follows that Nt�1
Nt

< 1 and hence �SQ > �RPt for
any  > 0 and t > 0: Under both, Status quo and restricted PAYG equilibrium,
the welfare depends only on the contribution rate (the rest is constant) and thus
the smaller the contribution rate the higher is welfare. Thus WSQ < WRP

t :

Basically Proposition 3 shows that if the parameters of the existing the restricted
PAYG system are untouched any positive immigration is Pareto-improving policy.
The intuition behind it is very simple: Higher immigration rate brings higher
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population growth rate which increases the rate of return of the existing social
security system. Thus, Proposition 3 combined with Corollary 1 shows that the
increased immigration policy is always bene�cial for the agents independent of the
social security policy (including the social security budget balancing problem).

Up to now welfare comparison is possible in general terms without specifying in
details the population dynamics. However, in order to compare restricted PAYG
to Laissez Faire or to PAYG the immigration policy space needs to be studied
in quantitative and qualitative dimensions. Depending on the skill level of the
immigrants the welfare path over the generations will be di¤erent.
Another important factor for the welfare is the assimilative behaviour of the

future generations. Below three possible cases of assimilation is studied: full assim-
ilation, partial assimilation and non-assimilation. In case of the full assimilation
the future generations take both of the discussed parameters, fertility and skills,
from the natives. In case of partial assimilation the generations inherit the fer-
tility levels but get the same skill distribution as the natives. The last case to
be discussed is the non-assimilation when the future generations are identical to
their parents in skills and reproductive behavior. The other case of partial as-
similation, inheriting the skill level while taking the fertility of natives, is not
discussed for two reasons: it is generally not observed and it is theoretically a case
of non-assimilation.

2.8.1 Full assimilation: Uninherited fertility and uninherited skills

In this section the simplest form of the population dynamics will be considered
where the future generations of the immigrants are identical to natives in skills:

�(s; g) = �(s; 0) for g � 2 (47)

and in fertility rates (while the immigrants have higher fertility rates):

�(g) = 0 for g 6= 1
�(g) = � for g = 1

(48)

With this speci�cation the law of motion of the population is

Nt = Nt�1 (1 + (1 + �) ) (49)

= N1 (1 + (1 + �) )
t�1 (50)

Next two lemmas will give the size of the welfares under PAYG and Laissez
Faire equilibria and the Proposition 4 will compare them:
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Lemma 3 In case of the full assimilation the welfare under Laissez Faire and
PAYG equilibria is:

WP = WL = 1� � (r �  (1 + �))

1 + r

N0
N1

(51)

Proof. The unique tax rate which balances the government budget under the
Laissez Faire equilibrium can be obtained from the constraints (35) - (37):

�L = (r �  (1 + �))

�
�

1 + r

N0
N1

� B0
wN1

� 
1� lim

T!1

�
1 +  (1 + �)

1 + r

�T!�1
(52)

Plugging (52) with limit values and condition 't = 0; for t > 0; into (19), and
taking into consideration the fact that B0 = 0; will result in (51). The welfare
level under PAYG is found by transitivity.

Lemma 3 shows that in the Laissez Faire and PAYG economy with low im-
migration rate the welfare depends on the skill shift of the �rst period, i.e. on
the quality of migrants and on their size, as well as on the fertility rates of the
immigrants.

Lemma 4 Under the restricted PAYG equilibrium with full assimilation

WRP
1 = 1� �

N0r � � 
(N0 + � ) (1 + r)

(53)

~WRP = 1� �
r �  (1 + �)

(1 +  (1 + �)) (1 + r)
(54)

where WRP
1 = Wt for t = 1 and ~WRP = Wt for t > 1:

Proof. Form (43) and (9)-(11) and (50) it follows that PAYG tax level �Pt will be
constant for t > 1 and is equal to:

�RPt =

�
�RP1 = �N0N1 for t = 1

�RPt = �
1+ (1+�) for t > 1

(55)

Plugging (27) and (55) into (19) will result in (53)-(54).

As it was expected Lemma 4 claims that the welfare under restricted PAYG
WRP
t changes over generations. This result is due to the skill-shift in the �rst

period (Equations (9) - (11)). However from the second generation on the welfare
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does not change as the e¤ective labor in the economy gets a proportionally balanced
growth according to the rule (50).

Proposition 4 .

a. If average immigrant is relatively more skilled � > � then

WRP
1 > WL = WP > ~WRP

b. if average immigrant is as skilled as local � = � then

WRP
1 = WL = WP = ~WRP

c. if average immigrant is relatively less skilled � < � then

WRP
1 < WL = WP < ~WRP

Proof. The di¤erence between the welfare measures from (51), (53) and (54) when
r >  is:

WRP
1 �WL = �

 (��N0)

(1 + r) (N0 + �r)
(56)

~WRP �WL = �
 (N0 � �)

(1 + r) (N0 + � )

r �  (1 + �)

1 +  (1 + �)
(57)

It is obvious that (56) and (57) have di¤erent signs as r >  :When � > � the (56)
is positive, i.e. unrestricted PAYG yields higher welfare, for the �rst period and
(57) is negative, i.e. unrestricted PAYG yields lower welfare, for the subsequent
periods. The reverse is true for � < � case. When � = � both (56) and (57) get
equal to zero. The welfare under PAYG follows directly from Proposition 2 by
transitivity.

E¤ectively Proposition 4 says the equilibria are Pareto-incomparable. The only
exception is when immigration does not change the initial skill distribution in the
country, i.e. case b. Evidently the quality of immigration brings distortions to
the welfare of the agents. Thus if the average immigrant is more skilled compared
to the local average, � > �, the agents of the �rst generation have higher wel-
fare under the PAYG equilibrium, while Laissez Faire and PAYG equilibria bring
higher welfare for all the other generations (born at t > 1). Otherwise, when the
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average immigrant is less endowed, the agents of the �rst generation have welfare
losses under the PAYG equilibrium, while it brings higher welfare for all the other
generations.
The result of Proposition 4 is due to the fact that the Laissez Faire and PAYG

equilibrium smooth the welfare across the generations while the restricted PAYG
equilibrium, balancing the budget periodically, allows inequalities across the gen-
erations. According to (9)-(11) the immigrants, when introduced, change the skill
distribution in the economy and thus the agents of generation t = 1 have to pay tax
di¤erent from those paid by the future generations where the population dynamics
is controlled by (50). Thus if under the Laissez Faire and PAYG a constant tax
is deployed which an average of the tax rates under constrained PAYG, then it is
obvious that either the �rst generation is paying higher tax and other generation
pay less compared to the constant tax rate of the unconstrained equilibrium or vice
versa. On the other hand the bene�ts that the agents get are identical under both
equilibria. Thus under the constrained equilibrium the welfares of �rst and all the
subsequent generations are going to be on di¤erent directions from the welfare of
unconstrained PAYG or Laissez Faire equilibria.

2.8.2 Partial assimilation: Inherited fertility and uninherited skills

In this case it is assumed that the generations inherit the reproduction rate of
their parents

�(g) = � (58)

while the locals still have low fertility, �(g) = 0: At the same time it is assumed
that the generations of the immigrants get similar to the locals with their skill
distribution:

�(s; g) = �(s; 0) for g � 2 (59)

With this speci�cation the law of motion of the population, for t > 1; is

Nt = Nt�1 (1 +  ) (1 + �)� �N1 (60)

= N1

 
[(1 +  ) (1 + �)]t�1 � �

[(1 +  ) (1 + �)]t�2 � 1
(1 +  ) (1 + �)� 1

!
(61)

Unproportionally growing population makes the contribution rate to change in
each period under the PAYG system according to (45). The unique tax rate for
each generation also makes the welfare levels to be di¤erent for all these genera-
tions. At the same time contribution rate and thus the welfare under Laissez Faire
equilibrium is constant:

22



Lemma 5 In case of partial assimilation with inherited fertility and uninherited
skills the welfare is:
Under PAYG equilibrium:

WP
1 = 1 +

�

1 + r
� �

N0
N1

(62)

WP
2 = 1 +

�

1 + r
� �

1 +  (1 + �)
(63)

WP
t = 1 +

�

1 + r
� �

pt�1 � pt�2 � �pt�3 � �

pt � pt�1 � �pt�2 � �
(64)

and under Laissez Faire equilibrium:

WL = WP = 1� �
N0
N1

� (p� 1) (1 + r � p) + �p

(p� 1) (1 + r � p)
(65)

where p � (1 +  ) (1 + �) :

Proof. The proof is similar to the proofs of Lemma 3 and 4.

From (63)-(64) can be observed that under restricted PAYG equilibrium the
welfare of the agents of generations t � 2 is independent of the skill di¤erence
of the native and immigrated agents. At the same time, as it is shown in the
Appendix A, from the second period on under the restricted PAYG the welfare
grows for the generations over time converging to some maximum limit value.
On the other hand, (62) and (65) show that the welfare under restricted PAYG

of the �rst generation and the welfare under Laissez Faire of all the generation
do depend on the relative skill level of the immigrants compared to the locals.
For instance, high average skill level of the immigrants makes the welfare of the
�rst generation under the PAYG and all generations under Laissez Faire higher
while the generations t � 2 under PAYG have unaltered welfare. The following
proposition discusses the possible cases in detail:

Proposition 5 In case of partial assimilation the welfare of the generation t = 1
increases in the average skill of immigrant, �; and there is a �� > � such that:

WRP
1 > WL = WP � > ��

WRP
1 = WL = WP � = ��

WRP
1 < WL = WP � < ��

Proof. The proof is given in the Appendix A.
Proposition 5, in line with Proposition 4, describes the behavior of the t = 1

generation�s welfare under restricted PAYG. As before the welfare level compares
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to the counterpart under Laissez Faire equilibrium depending on the skill level.
However, in the case of partial assimilation the average immigrant is to be higher
skilled (compared to the full assimilation case) in order with social security budget
balancing restriction the agents are better o¤ (Appendix A).
As it was mentioned in the Lemma 5, from the second generation on the welfare

of the agents under restricted PAYG does not depend on the skill level of the
immigrants. At the same time Lemma 5 claimed that the welfare of the agents
under Laissez Faire and PAYG do depend on the skill level of the immigrants.
The next proposition establishes the relationship between welfare under restricted
PAYG to Laissez Faire and PAYG for the generations t � 2:

Proposition 6 The welfare under restricted PAYG grows over generations for
t > 1 and there is a unique �t (�) 2 (1;1) such that

WRP
t < WL = WP for t < �t (�)

WRP
t = WL = WP for t = �t (�)

WRP
t > WL = WP for t > �t (�)

Proof. The proof is given in the Appendix A.

As the Proposition 6 suggests the welfare follows growing path with second gen-
eration having the lowest welfare. From (53)-(54) and (62)-(63) is obvious that the
�rst two generations have identical welfare in case of full and partial assimilation
under restricted PAYG equilibrium. (This explains the kink in the Figures 1-4.)
However, if in case of full assimilation the welfare of all the generations t > 2 is
identical (and thus is a straight line on the level ofWRP

2 = WRP
t ), in case of partial

assimilation the welfare of the generations t > 2 grows constantly (the derivative
of WRP

t with respect to time is positive) according to (64) converging to the limit
value

lim
t!1

WRP
t = 1 +

�

1 + r
� �

(1 +  ) (1 + �)
(66)

which would be in the case when the population was growing with a constant rate
p = (1 +  ) (1 + �), i.e. the growth rate connected to immigration.
In essence only WRP

1 and WL depend on the skill level of the immigrants while
WRP
t being �xed for t > 1: Thus Figures 1-4 illustrate main possible cases where

WRP
1 and WL vary around WRP

t ; for t > 1; derived from the combined of results
Proposition 5 and 6. Fig.1 presents the case when the average immigrant is extreme
highly skilled so that under restricted PAYG neither of the generations t � 2 ever
reach the welfare level of the Laissez Faire and PAYG equilibria. Meanwhile the
�rst generation agents enjoy the highest welfare compared to the other generations
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Figure 1: Inherited fertility and uninherited skills
Case: � > �� and �t =1

as well as the Laissez Faire or PAYG equilibrium. Thus in this case �t (�) from the
Proposition 6 is in�nitely large.
Fig. 2 illustrates the case where �t (�) from the Proposition 6 is a �nite number

and thus under restricted PAYG some initial generations from the group t � 2 are
worse o¤ compared to the Laissez Faire and PAYG equilibria and all the subse-
quent generations are better o¤. Though the average skill level of the immigrants
is low enough to guarantee �nite �t (�) ; as opposed to the case illustrated in the
Fig.1, however it is still high enough to bring higher welfare to the �rst generation
under restricted PAYG compared to the unconstrained equilibria.
Fig. 3 already illustrates the case when � < ��. From Proposition 5 it follows

that in this case under restricted PAYG the �rst generation have welfare below
the level under Laissez Faire and PAYG. It should be noted that in this case, as
it is shown in the Appendix A, it is impossible to have in�nite �t (�) :The intuition
behind it is simple: it is impossible to have all the generations being worse o¤
under either of the equilibria. The same it true for the case illustrated in the Fig.
4 if all the generations t � 2 have higher welfare compared to the Laissez Faire,
then the �rst generation �ought to be�worse o¤. This case corresponds to average
skill of immigrant being very low, at the same time the reproduction rate � should
also be low in order the case illustrated in the Fig.4 to emerge.
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Figure 2: Inherited fertility and uninherited skill
Case: � > �� and 2 < �t <1
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Figure 3: Inherited fertility and uninherited skill
Case: � < �� and 2 < �t <1
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Figure 4: Inherited fertility and uninherited skill
Case: � < �� and �t < 2

2.8.3 Non-assimilation: Inherited fertility and inherited skills

In this case it is assumed that the generations inherit the reproduction rate of
their parents

�(g) = � (67)

while the locals still have low fertility, �(g) = 0: At the same time it is assumed that
the generations of the immigrants inherit the skill distribution of their parents:

�(s; g) = �(s; 1) for g � 2 (68)

With this speci�cation the law of motion of the population, for t > 1; is

Nt = (Nt�1 �N0) (1 +  ) (1 + �) +N1 (69)

= N1 + � 
(1 +  ) (1 + �)

1� (1 +  ) (1 + �)
� � [(1 +  ) (1 + �)]t

1� (1 +  ) (1 + �)
(70)

Unproportionally growing population makes the contribution rate to change in
each period under the PAYG system according to (45). The unique tax rate for
each generation also makes the welfare levels to be di¤erent for all these genera-
tions. At the same time contribution rate and thus the welfare under Laissez Faire
equilibrium is constant:

Lemma 6 In case of non-assimilation, i.e. inherited fertility and inherited skills,
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the welfare is:
Under PAYG equilibrium:

WRP
t = 1 + �

1

1 + r
� �

N0 (p� 1) + � 
�
pt�1 � 1

�
N0 (p� 1) + � (pt � 1)

(71)

and under Laissez Faire equilibrium:

WL = WP = 1� �
N0
1 + r

� r (1 + r � p)

N1 (1 + r)� pN0
(72)

where p � (1 +  ) (1 + �) :

Proof. The proof is similar to the proofs of Lemma 3 and 4.

Lemma 6, in contrast to Lemma 5, claims that under restricted PAYG the aver-
age skill level of the immigrants a¤ects the welfare of all the generations. The result
is due to the fact that the generations inherit the skill level and the immigrants
and their generations are the only source for the population increase, i.e. the total
population skill distribution is approaching to the one immigrants have. At the
same time, as it could be expected, the welfare under Laissez Faire and PAYG also
depend on the average skill level of the immigrants. The following proposition is
the counterpart of the Proposition 4 to 5 for the case of non-assimilation.

Proposition 7 In case of non-assimilation the welfare under restricted PAYG is
higher, equal or lower than the welfare under Laissez Faire and PAYG depending
on the average skill level of the immigrants and generation of the agent. Thus there
is a unique �� > � and a unique �t 2 (0;1) such that

a. if � > �� then
WRP
t > WL = WP t < �t

WRP
t = WL = WP t = �t

WRP
t < WL = WP t > �t

b. if � = �� then
WRP
t = WL = WP

c. if � < �� then
WRP
t < WL = WP t < �t

WRP
t = WL = WP t = �t

WRP
t > WL = WP t > �t

Proof. The proof is given in the Appendix A.
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Figure 5: Non-assimilation (case � > ��)

In essence Proposition 7 is based on the idea (proved at the Appendix A) that
the welfare under restricted PAYG either grows (case c.), stays constant (case
b.), or decreases (case a.) over the generations depending on the average skill
level of the immigrants. At the same time from the Lemma 6 it is obvious that
the welfare under Laissez Faire and PAYG is constant. Thus the welfare under
restricted policy intersects with the welfare under unrestricted policies only once
while increasing or decreasing, or brings equal welfare to all the generations.
Meanwhile Proposition 7 is not explicit on the fact that in case of non-assimilation

the locals are slowly becoming minority and the immigrants and their generations
are virtually becoming the entire population. Thus after some point the e¤ective
labor starts to grow proportionally according to the growth rate of immigrants
and their generations. This is revealed when the limit value of the welfare under
restricted PAYG is calculated:

lim
t!1

WRP
t = 1 +

�

1 + r
� �

(1 +  ) (1 + �)
(73)

However before that under the restricted PAYG the welfare follows uneven path
over the generations. The only exception, when the welfare under the restricted
PAYG is identical for all the generations, is the case when the average skill level of
the immigrants already is such that the e¤ective labor grows proportionally from
the generation t = 0 on, i.e. when � = ��:
The case illustrated in the Fig. 5 is where the immigrants are on average highly
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Figure 6: Non-assimilation (case � < ��)

skilled. Thus the �rst generation is having the highest welfare as the e¤ective tax
base is much higher then the required contribution. The second generation has
less welfare compared to the �rst generation as the lower skilled natives still had
larger portion in the population. The story for the subsequent generations is the
same and their welfare slowly decreases compared to the welfare of their parents.
On the other hand the welfare under Laissez Faire and PAYG equilibria is higher
than the one for the future generations under restricted PAYG as now there tax
base is larger compared to the case of � = ��:
The case illustrated in the Fig. 6 is similar to the case of the Fig. 5 with the

opposite pattern. Here the relative tax base shrinks with each period though still
tends to the same level as in the case of the Fig. 5.

2.8.4 Joint analysis

In the previous sections it was shown that under restricted PAYG the welfare of the
generations follow di¤erent paths depending on the type of assimilation that the
immigrant generations undergo. At the same time from (66) and (73) can be seen
that the welfare under restricted PAYG in case of partial- and non-assimilation
converge to the same limit value

lim
t!1

WRP
t = 1 +

�

1 + r
� �

(1 +  ) (1 + �)
(74)
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which would be the case when the e¤ective labor was growing with a constant rate
p = (1 +  ) (1 + �) in the economy. However, part of the labor, namely the local
population, evolves with di¤erent growth rate: meanwhile the share of that part
is decreasing in the total population over the generations, which brings the level
of the welfare closer to the one in (74). This change in the e¤ective labor shapes
the path of the welfare over the generations.
At the same time, depending on the type of the distortion that the immigration

brings to the e¤ective labor the path of the welfare is changing. Thus in case of
the partial assimilation from the second generation on (according to Proposition
6) the welfare increases to reach the limit value given by (74), while under the
non-assimilation (according to Proposition 7) the welfare decreases or increases to
reach the same limit value depending on the average immigrant skill level.
On the other hand the welfare under restricted PAYG with full assimilation

reaches its limit value ~WRP , given by (54), already for the second generation and
maintains that level for all the generations t > 1: Nonetheless the limit value of
the welfare in case of full assimilation, ~WRP , is lower than the limit value of the
welfare in case of partial- and non-assimilation given by (74): While assimilated
the immigrant generations lose the higher fertility rate which, according to (45),
translates to higher tax rate which, according to (19), translates into lower welfare
for the generations. In order to verify that the welfare in case of full assimilation
is lower than welfare in other cases (54) can be compared to (63). Thus it shows
that the limit value of the welfare in case of full assimilation is equal to the welfare
of the generation t = 2 in case of partial assimilation which is lower than the limit
value of the welfare according to Proposition 6.

Meanwhile in case of the restricted PAYG the welfare of the generation t = 1
is the same independent of the type of assimilation, given by (53), (62) and (71).
According to Propositions 4, 5 and 7 the welfare of the generation t = 1 can be
on the either side of the limit values of the welfare under each of the types of
assimilation. If the average skill level of the immigrants is high then in case of
the non-assimilation the welfare of the agents decreases to the limit value, while
in case of partial assimilation the welfare is increasing to reach the limit value, i.e.
the generations t � 2 have higher welfare in case of non-assimilation compared to
the partial assimilation. At the same time as it was mentioned above the welfare
in case of the full assimilation is the lowest independent of generation (excluding
t = 1) and skill level. This case is illustrated in Fig.7 and has a simple explanation
that if the immigrants are on average higher skilled and have higher reproduction
rate then the more immigrant characteristics future generations inherit the higher
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Figure 7: Full-, partial- and non-assimilation combined (� > �)
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the welfare.
Fig.8 illustrates the case when the average skill level of the immigrants is lower

then that of locals. The according to Propositions 4, 5 and 7 the welfare of
the generation t = 1 is the lowest in all the cases and grows for all the other
generations: In case of the full assimilation the welfare reaches the highest level
for the generation t = 2 and stays constant on that level, while in case of partial
assimilation the welfare reaches the same level for generation t = 2 and grows
further to reach the limit value (74). Meantime in case of non-assimilation the
welfare grows slower than in other cases, and reaches the welfare level of the case
of full assimilation at generation ~t which solves ~WRPFA = WRPNA

~t
, and grows

after to reach the limit value (74), though being lower than the one in case of
partial assimilation.
Fig.7-8 also show the welfare level in di¤erent assimilation cases under Lais-

sez Faire and PAYG equilibria. Though under Laissez Faire equilibrium there is a
�xed amount of debt (initial implicit debt of the PAYG system turned into explicit
by terminating the system) that all the generations pay for, the welfare di¤er de-
pending on the assimilation the immigrant generations undergo as the population
in each of the assimilation cases is di¤erent quantitatively and qualitatively.

3 Conclusion

In last decades demographic developments have been challenging the national bud-
gets in most of the developed economies: Ageing, increased longevity and decreased
fertility, shrinks the tax base while increasing the number of bene�ciaries of the
existing social security systems. Thus the governments of those countries are in-
creasingly facing policy sustainability problems. In recent years many solutions
have been proposed to solving these problems. The most discussed sustainability-
solving possibilities are parametric reforms of the existing policies (tax-increases
or bene�t-cuts), current de�cit �nancing with increased immigration, and social
security reforms. The current work o¤ers an analysis of the combination of in-
creased immigration policy with social security reforms. The work is a welfare
study, where alternative policies are compared with a specially developed welfare
measure.
In the current work a small open economy with overlapping generations (with

demographic misbalance) of heterogeneous agents is modeled where initially a pay-
as-you-go social security scheme is installed. Three possible basic economies are
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studied �parametric reforms, social security with immigration, and social security
reform with immigration. Prior to this work the social security literature studied
immigration only as a source for sustaining the existing social security policy. In
contrast, the current work analyses the welfare implication of the social-security-
sustaining-via-immigration policy vis-à-vis combination of social security reform
and increased immigration policy.
As a result the paper �nds that solely parametric reforms are Þareto-inferior to

any of the other policies, i.e. policies in combination with increased immigration.
Meantime, the paper shows that the two policies (sustaining and reforming) in
combination with increased immigration yield identical welfare for all types of
agents (with a reasonable level of immigration) across and within the generations.
Further, an alternative economy is studied where the government is constrained

to balance the social security budget periodically (to match the exact de�nition
of unfunded social security system). As opposed to the �rst two economies, under
these restrictions the government lacks a dynamic smoothing mechanism. Thus the
welfare under restrictions changes its behavior depending on the skill level of the
immigrants and on the type of assimilation process the generations of immigrants
undergo. However, in neither of the cases the restricted or unrestricted economy
is preferable for all and each of the generations: Under each case at least one
generation is worse o¤.
While comparing the types of assimilation it was shown that full assimilation

makes the great majority of the generations worse o¤ compared to the cases of
partial- or non-assimilation. The result heavily depend on the fact that the im-
migrants have higher fertility rates compared to the natives and for the sake of
sustaining social security higher inheritance of higher fertility is preferred. The
case of skill inheritance can as well be explained in simple terms: if the immi-
grants are on average higher skilled then it is preferable the generations to inherit
that level and vice versa.
The welfare in the restricted economy converges over time to a level which will

sustain for in�nitely many generations. However that level does not depend on the
skill distribution in the economy (neither the initial skill distribution of the natives
nor of the immigrants�), while in case of unrestricted economy the welfare of all
the agents is directly connected to the distribution. However even in this case the
welfare comparison depend on the assimilation type and there are many possible
combinations of the losers and gainers from the reform, such as initial generations
lose while the later generations gain, or that initial and later generations gain and
some intermediate generations lose.
In conclusion, the increased immigration policy is Pareto-improving, however
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the social security schemes are either identical in welfare or Pareto-incomparable
in case of identical immigration policy. The second message of the study is the
importance of the balancing term of the social security budget as it changes the
welfare distribution across the generations. The third message is the high impor-
tance of the nature of assimilation the immigrant generations undergo as it changes
the welfare level and the path over time and changes the direction of the reform
e¤ect on di¤erent generations.
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Appendix

A Proof to the Proposition 5, 6 and 7

Here the two propositions from the Section 2.8.2 and the proposition of the section
2.8.3 are proved:

Proof to the Proposition 5 To proof the proposition it is necessary to show
that there is a level of average skill level of immigrants which makes changes the
sign of the di¤erence of the welfares under restricted PAYG and Laissez Faire.
From Lemma 5 the welfare levels WRP

1 and WL are given in (62) and (65). If the
following notation is introduced:

� � (p� 1) (1 + r � p) + �p

(p� 1) (1 + r � p)
(75)

where p = (1 +  ) (1 + �) ;it can be written

WRP
1 �WL = �

N0
N1

�
1� N0 + � 

N0 (1 + r)
� �

�
(76)

Thus from (76) WRP
1 T WL if

� T �
(1 + r) (1� �)� 1

 
+

" (0)

" (1)� " (0)
� (1 + r) (1� �)� (1 +  )

 
(77)

Hence,

�� � �
(1 + r) (1� �)� 1

 
+

" (0)

" (1)� " (0)
� (1 + r) (1� �)� (1 +  )

 
(78)

proves the proposition. �

Proof to the Proposition 6 To prove the �rst part of the proposition it is
su¢ cient to show that the derivative of the welfare measure with respect to time
is positive. Thus:

@

@t
WRP
t =

� (p� 1) �p�(t+3) ln p
(1� p�1 � �p�2 + �p�t)2

�
p2 � p� �

�
(79)
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The ratio on the right-hand-side of (79) is always positive, thus the sign of the
expression is determined by

p2 � p� � = p (p� 1)� � (80)

= (1 +  ) (1 + �) ((1 +  ) (1 + �)� 1)� �

=  (1 + �) + (� +  (1 + �))2

which is always positive. Thus this proves that the welfare of generations t � 2

is growing with WRP
2 having the lowest value and lim

t!1
WRP
t from (66) being the

upper bound.
The second part of the proposition claims that there is a generation for which

the welfare under restricted PAYG, Laissez Faire and PAYG are equal, that the
generations before that are worse o¤ under restricted PAYG and the generations
after are better o¤. Obviousely, in order to �nd that generation, WRP

t = WL

should solved for t :

�t = logp � + logp

�
r � N0

N0 + � 
�

�
(81)

� logp
�
p�1 � p�2 � �p�3

�
� logp

�
1 + r � p� (1 + r) p N0

N0 + � 
�

�
where as before p = (1 +  ) (1 + �) and � is given by (75).
However, because of complicated form of (81) it is easer to prove the claim indi-

rectly. First it needs to be shown that there are values of � for which lim
t!1

WRP
t <

WL, i.e. �t is in�nite. Then if it is shown that there are values of � for which �t
is less then two, i.e. the value of � for which the lowest level of the welfare under
restricted PAYG (for generations t > 2) is higher than the welfare under Laissez
Faire, then for each of the remaining values of � there will be a �nite �t.
Thus from (65) and (66) lim

t!1
WRP
t < WL if

� > �

�
�p (1 + r)

 (1 + r � p)
� 1

 

�
+

" (0)

" (1)� " (0)

�
�p (1 + r)

 (1 + r � p)
� 1 +  

 

�
(82)

where as before p = (1 +  ) (1 + �) and � is given by (75).
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At the same time from (63) and (65) WRP
2 > WL if

� > �
� (1 + r) (1 +  (1 + �))� (r �  (1 + �))

 (r �  (1 + �))

+
" (0)

" (1)� " (0)

� (1 + r) (1 +  (1 + �))� (1 +  ) (r �  (1 + �))

 (r �  (1 + �))
(83)

where as before � is given by (75). �

Proof to the Proposition 7 To prove the claim it will be shown that, �rst, the
welfare under restricted PAYG is increasing, decreasing or constant depending on
the average skill level of the immigrants and to show that the initial and the limit
value given in (73) are on the two di¤erent sides of the welfare under Laissez Faire
and PAYG.
Thus

@

@t
WRP
t =

� (p� 1) pt ln p
p (N0 (1 + p) + � (1� pt))2

(� +N0 (1� p)) (84)

The ratio on the right hand side of (84) is always positive, so that the sign of the
derivative depends on � +N0 (1� p) which is zero when

� = �� � �
 + � (1 +  )

 
+

" (0)

" (1)� " (0)

� (1 +  )

 
(85)

in which case the welfare is constant over the generations. Alternatively, if the
average skill level � > �� then � +N0 (1� p) > 0 and the welfare under restricted
PAYG is higher for the �rst generation and then gradually decreases. Inversely,
from � > �� follows � + N0 (1� p) > 0 and that the welfare increases over the
generations. In case of � < �� the same expression is negative and thus the welfare
decreases.
On the other hand, while comparing the the welfare of the �rst generation and

the limit value of the welfare under the restricted PAYG to the welfare under
Laissez Faire, from � > �� follows that WRP

1 > WL > limWRP
t and vice verca,

� < �� makes WRP
1 < WL < limWRP

t : Thus if WRP
t is increasing or decreasing in

t and it has values on the both sides of WL then there is a unique value of �t which
solves WRP

t = WL :

�t = logp (� +N0 (1� p)) + logpW
L � logp � 

�
1�WL � p�1

�
(86)

Meanwhile if � = �� the welfare under restricted PAYG and Laissez Faire and
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PAYG are equal:

WRS
t = WLF = WP = 1� �

1 + r � p

p (1 + r)
(87)

for any t 2 [1;1): �

42


