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Essays on Shocks in Economy
Dissertation proposal

Frantǐsek Brázdik∗

Abstract

This paper proposes my future research on monetary policy effects
for European countries that will access the European Monetary Union
in the close future. I propose to examine monetary policies effects
on the volatility of output and inflation during the process of com-
mon currency adoption by the Central European transition countries.
The further research focuses on incorporation of the Harrod-Balassa-
Samuelson effect into the model of two open economy countries with
asymmetric shocks.

The second part of the proposal presents my contribution to theo-
retical development of models for Stochastic Data Envelopment Anal-
ysis. I elaborate on the orientation of the stochastic models and their
linearization.

∗CERGE-EI, Prague, Czech Republic. Email: frantisek.brazdik@cerge.cuni.cz
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1 Introduction

I propose research in two different fields of economic research: monetary
economics of European Union accession countries and productivity analysis.
These two different fields of my research proposal are linked together by the
presence and role of shocks in the economic environment.

In the second section, that is devoted to macroeconomic stability I am
proposing research on the volatility properties of output and inflation series
during the country accession to monetary union in the open economy en-
vironment with asymmetric shocks. The knowledge of volatility properties
and its policy implications is important for conducting monetary authority
policy. Further, I propose research on international transmission of country
specific shocks in environment with implemented production of tradable and
non-tradable goods to introduce deviations from power purchasing parity.

The third proposal section presents my motivation for the productivity
analysis research. In the presented work, I develop non-parametric models
for productivity frontier search in noisy environment. This work is presented
in Appendix section. In the last three proposal sections, administrative issues
related to future work on my dissertation, dissertation committee, a research
time line and mobility proposal are presented.

2 Monetary regimes and Economic stability

Decades ago, western European countries started their integration into com-
mon political and economic environment by creating various treaties and
organizations that peaked with the creation of the European Union (EU).
Nowadays, past enemies to death are joining their political and economic
forces in EU to create wealth and powerful multinational state. Due to the
economic and political power of the EU in Europe, the transition countries
of Central and Eastern Europe want to join the EU that they believe, will
deliver to their countries economic stability and a standard of living that is
observable among the EU countries.

The EU accession treaty brought the first wave of accessing countries
under obligation to enter the European Monetary Union (EMU) after they
fulfill the conditions of Maastricht treaty. For accessing countries, it means
that in the future they will abandon their national currencies, join the Euro
currency area and will transfer their management of monetary policy to the
European Central Bank (ECB). At the beginning of EMU accession process
national monetary authorities conduct its monetary policies independent of
ECB, then the national currency is pegged to common currency and at the
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final accession stage the national currencies are first replaced by Euro ban-
knotes and coins, and then cease to be legal tender.

May 1st, 2004, marks a new milestone in the history of 10 European
countries1 that will enter the European Union and start to drive monetary
policies towards common currency adoption. Although, at this day, the EU’s
population will rise by as much as 20% to over 450 million in 2004, European
Union’s GDP will grow by no more than 5%.2 This documents large differ-
ences between the EU members and EU accession countries that will expose
EMU to asymmetric economic shocks.

Therefore, macroeconomists have to examine if EMU accession and com-
mon currency adoption will deliver to the accessing countries promised eco-
nomic advantages like: transaction cost reduction, dismissal or reduction of
exchange rate and monetary fluctuations. The research on currency union-
ization before the creation of the EMU was focused on examination of degree
of country economic integration because as Bayoumi and Eichengreen (1997),
Mundell (1961) and McKinnon (1963) conclude higher degree of integration
increases the readiness for common currency area membership.3 Recently,
the research interest is shifting to examination of monetary unionization ef-
fects for countries involved in the monetary unionization.

I would like to contribute to research on the European currency areas,
because it receives relatively less attention than the research on the Ameri-
can currency areas. Specifically, I would like to examine the macroeconomic
stability of Central European countries, in terms of macroeconomic series
volatility, during their EMU accession process. My research interest in the
macroeconomic stability is motivated by the lack of studies that analyze the
spread of country specific shocks effects between the EMU members and ac-
cession countries. The knowledge of international effects of country specific
shocks under alternative monetary regimes matters for the ECB and the
accessing countries’ monetary authorities when conducting their monetary
policies that drive them toward the adoption of common currency. The ap-
plication for Central European countries is the main research contribution
because as Collard and Dellas (2002) state the present business cycles liter-
ature offers insufficient information on actual economies performance under
various monetary regimes.

1Cyprus, Czech Republic, Estonia, Hungary, Latvia, Lithuania, Malta, Poland, Slovak
Republic, Slovenia

2According to the EU’s web page: http : //www.ecdel.org.au/eu guide/enlargement/.
3See literature review for more information on currency areas where works by Bayoumi

and Eichengreen (1997),Mundell (1961) and McKinnon (1963) are reviewed.
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My further research, will introduce more specific focus on macroeconomic
stability during the second stage of accession process when a country access-
ing currency union has to maintain fixed exchange rate with the union cur-
rency. The research will be conducted in within advanced environment where
the international productivity differences in production of tradable and non-
tradable goods have effects on real exchange rate between the EMU members
and accession countries. This further research will contribute to identifica-
tion of monetary policy maker’s problems because most of the studies just
sketch the problems that can occur during monetary union accession when
the business cycles of EMU accessing countries are not enough synchronized
with business cycles of EMU countries.

The following subsection states and focuses my research questions. The
second subsection briefly summarizes literature related to proposed research
questions. The third subsection sketches the two open economy country
framework originated by Obsfeld and Rogoff (1995) that will be extended
for my research purposes. This methodology subsection presents the major
features of two country model and proposes the research procedure. The data
subsection describes sources that can provide data for proposed research.

2.1 Research questions

The first part of macroeconomic stability research will be focused on the
Central European transition countries that will access to the EMU in the
close future. The effects of various monetary policies, that drive accessing
countries towards the EMU, on the volatility of output and inflation series
will be examined. The case of Germany and France suggest unequal distri-
bution of macroeconomic stabilization for these countries during accession
to European Monetary Union, therefore I will ask if EMU accession will de-
liver ultimate macroeconomic stability to the group of accession countries or
will these new EMU members face a tradeoff in their output and inflation
series volatility? Subsequently, I call for identification of the main source of
macroeconomic volatility in presence of the country specific shocks that are
complicating monetary authority policy making process.

The second part of the proposed macroeconomic research focuses on the
exchange rate properties during second stage of the EMU accession. Empiri-
cal works show that the deviations from purchasing power parity are present
among CEECs. Works by Ballasa (1964) and Samuelson (1964) on inter-
national trade suggest that productivity differences between tradables and
non-tradables are capable to explain the deviations from purchasing power
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parity.4 The purchasing power parity deviations induce distortions to mone-
tary authority policy when fixing the exchange rate, therefore I will incorpo-
rate the productivity differences into the model and I will ask what amount
of macroeconomic stability in terms of macroeconomic series volatility will
be in exchanged for required exchange rate stability. The valuation of these
costs is important because the high costs of exchange rate stability can dis-
courage the accessing country from entering the currency unification process.
Also, the high costs of exchange rate stability may give the rationale for the
skip of second stage of currency union accession process.

2.2 Literature review

Currency unionization is not such as new research topic as many people
think because of present focus on Europe’s unionization.5 The currency areas
and their properties were described more than forty years ago by Mundell
(1961) and McKinnon (1963). These two papers usually occur as references
in the majority of works devoted to currency areas. As Mundell (1961)
suggested there was a lack of systematic attempts to define characteristics of
the optimum currency area (OCA). Therefore Mundell (1961) searched for
economic properties of the OCA and he described shock transmission under
various exchange rate systems. Mundell (1961) advises that countries with
highly correlated business cycles should decide to implement an exchange rate
peg or common currency. The idea of currency area optimality was further
developed by McKinnon (1963) when he focused on resource mobility. In
spite of these papers influence, the research interest should be focused on the
newer empirical works that are trying to operationalize the currency areas
theory.

Bayoumi and Eichengreen (1997) operationalize Mundell’s OCAs theory
by examining bilateral trade among the Western European countries. Bay-
oumi and Eichengreen (1997) used the standard deviation of the change in
the logarithm of the end-year exchange rate of national currency with Ger-
man Mark as the country’s index of monetary union readiness. A low index
value means high synchronization of the country’s business cycle with the
German one. The authors forecasted index values and according to these
readiness index values, they split the country sample into countries that are

4The Harrod-Balassa-Samuelson effect is used to explain international deviations from
purchasing power parity. The Harrod-Balassa-Samuelson effect is based on the differences
in productivity of tradable and nontradable goods. It is observed that countries with
higher production of tradables relatively to nontradables have higher price levels.

5Rose and Engel (2000) identified 60 countries that are member of a currency union.
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ready for monetary union, converging to a state of entry readiness and those
that do not exhibit convergence in the readiness index. Remarkably, France’s
readiness index value reveals a low level of synchronization, this supports the
view that the French desire for monetary unionization is rather political than
economic consideration.

In contrast to Bayoumi and Eichengreen (1997), the paper by Frankel and
Rose (1996) relates country’s extent of international trade and cross-country
business cycle correlation for 22 countries to create criteria for currency union
member.6 Frankel and Rose (1996) based on “Lucas critique” point out that
even a poor candidate, based on historical data, may enter the currency
union, because of the union’s influence on the candidate’s international trade.
Their logic behind this point explains that accession into monetary union
can deliver impulses for trade international expansion therefore the accessing
country may satisfy the criteria for currency union ex ante.

Fidrmuc and Korhonen (2001) follow the work by Frankel and Rose (1996)
to test if the Central and Eastern European countries (CEECs) belong to the
same OCA as the current EMU members. The framework of aggregate de-
mand and supply model is used for reconstruction of the country specific
shocks. The VAR model of GNP and unemployment series is applied to
recover the supply and demand shocks from data. Fidrmuc and Korhonen
(2001) examined the correlation of national shocks with the EU area aggre-
gate shocks and they conclude that the group of the CEECs is less homoge-
neous than the group of the EU countries in terms of shock correlation. This
is the only one general empirical result about the CEECs in the paper. Re-
gardless of different degrees of shocks correlations across accession countries,
the increasing effort in integration can change the results over time and the
CEECs’ business cycles can became more homogenous.

The aforementioned empirical studies stressed the role of business cycles
correlation, also I will employ real business cycles models of the interna-
tional economy for my research. The following part of the literature review
summarizes the work done up to date in the two country framework that
I will use to answer my research questions. In the survey of open economy
macroeconomics by Lane (2001), we can read that Obsfeld and Rogoff (1995)
initiated a new wave of models and research in open macroeconomic fields
by introducing their Redux model. The major feature of the Redux general
equilibrium model are two countries interactions. The initial version of the
Redux model set up two countries populated by a continuum of farmers with
separable money in the utility function. Each farmer-consumer makes his de-

6According to the gravity model by Rose (1999) countries with common currency trade
three times more than the same countries without a common currency.
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cisions on labor supply and consumption in a environment without shocks.
Labor is the only production factor in the farmer-producer production func-
tion. The farmer does not face any trade barriers for his goods but his labor
is immobile. Prices are set one period in advance to induce nominal price
rigidities. This goods price setting mechanism is the only source of nominal
rigidities in the model. Obsfeld and Rogoff (1995) used this framework to
analyze welfare effects of unanticipated shock effects in the steady state in
the linearized form of the model. Since 1995, the Redux model has been
extended in many different ways, e.g., shocks were added, sticky prices were
replaced by price staggering and capital was introduced.7

The use of all of these additional features leads to the creation of very
complex models that can quite well reproduce the behavior of real economies.
The two country general equilibrium model framework became so popular
that almost all present research on exchange rate regimes is conducted using
it. Dellas (2003b) used the two country model to analyze the welfare effects
of monetary policies in situations when the monetary authority does not pos-
sess perfect information on current shocks. In the model by Dellas (2003b),
countries are perfectly symmetric and there are no country specific shocks,
so each country faces the same technology, money demand and government
spending shock. The welfare analysis of six monetary policies (flexible and
fixed exchange rate regimes with different Taylor rule targets) are conducted.
Dellas (2003b) conclude that there are not significant welfare effects of the
examined monetary policies and volatility effects should be taken into ac-
count.

Dellas (2003a) enriches the aforementioned two country framework by
introducing capital (in form of perishable good) into the intermediate good
production function. Dellas (2003a) compares six monetary policies (flexible
or bilateral peg with targeting on interest rate, money supply and nominal
wage) and again as in (Dellas 2003b) the welfare effects are found to be
not significant, therefore the effects on volatility of output, employment and
price level are calculated. The author considers as the best monetary policy
one under which the costs of volatility in terms of steady state consumption
are minimal. This criterion favors money supply targeting, but the choice of
exchange rate regime is not so straightforward. To find the optimal exchange
regime, Dellas (2003a) decomposed the series variance on shocks and showed
that 90% of employment variation is driven by money demand shocks. This
fact explains why money supply targeting rules successfully stabilize employ-
ment. The author identifies that the maximum stabilizing effect is reached

7Obsfeld and Rogoff (1996) present a detailed description of the derivation and Redux
model properties.
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under the fixed exchange rate regime.
The two previously mentioned open economy frameworks are derived from

two equal size country version of neoclassical, exogenous growth model with
money and government spending by Collard and Dellas (2002).8 In this
complex model, the representative household decides on its money, bond
holding, consumption and labor supply. The Cash-in-advance constraint is
used when purchasing the consumption bundle and it is assumed that each
country is specialized in the production of country specific internationally
tradable good. Because the model is not distinguishing between internation-
ally tradable and non-tradable goods the Harrod-Balassa-Samuelson effect is
omitted. Firms in this model setting produce intermediate goods and the
final domestic good that is consumed by domestic consumers. The agents
in the Collard and Dellas (2002) model version are facing totaly 6 country
specific shocks and one common supply shock. Country specific supply, fiscal
and money shock are the source of asymmetries that complicate monetary
authority policy making. Collard and Dellas (2002) used this rich model
to estimate the effects of different stages of regimes used in transformation
towards the common currency for Germany and France. Collard and Dellas
(2002) concluded that Germany faced a trade off when the German output
volatility was significantly increased during the exchange rate pegging pe-
riod and even further under single currency and at the same time German
inflation volatility was reduced.

2.3 Methodology

I will answer my research questions in the framework of the RBC cycles model
used in the works by Dellas (2003a) and Collard and Dellas (2002) that are
extensions of original model by Obsfeld and Rogoff (1995). As was mentioned
in the literature review, this framework is a very fashionable approach for
modelling international economics, because the qualitative implications are
consistent with the existing empirical evidence. The two country framework
with asymmetric shocks reproduces the main features of series that charac-
terize the business cycles.

In each of the simulated countries 5 agents are present: representative
household, intermediate and final good firms, government and monetary au-
thority.9 Firstly, I will describe the agents’ behavior in models by Dellas

8The description of the two open economy country framework is presented in the
methodology section.

9Variables with the star index are for the foreign country. To distinguish home and
foreign country goods subscripts H and F will be used. To distinguish households and
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(2003b) and Dellas (2003a) and economy equilibrium will be defined. The
general equilibrium description is followed by the description of the proposed
research methodology.

Household’s problem Each country is populated by an infinitely liv-
ing representative household, that consumes final good and provides labor.
Households in both countries can borrow and lend through internationally
traded bonds. The home country representative household maximizes its
lifetime utility:

E0

∞∑
t=0

βtU(C(st),
M(st)

Pt

, l(st)) (1)

subject to total time constraint:

l(st) + h(st) = 1 (2)

and budget constraint:

∑

st+1

[P b(st+1 | st)BH(st+1) + e(st)P b∗(st+1 | st)B∗
H(st+1)] + M(st) ≤

B(st) + e(st)B∗(st) + M(st−1) + N(st)+

+Π(st) + W (st)h(st)− P (st)C(st)− Ptτ(st), (3)

where C(st) is the home country household’s consumption, l(st) is leisure,
the rest of the household’s time h(st) is labor supplied to firms. Household
has to make its decision on consumption, labor, internationally traded home
assets B(st+1) and foreign assets B∗(st) that are available at prices in the
home currency P b(st+1 | st) and e(st)P b∗(st+1 | st), where e(st) is exchange
rate. It also decides on its money holdings of domestic currency M(st).
The domestic household’s income consists of firm’s profits Π(st), income
from bonds holdings B(st) + e(st)B∗(st) and labor income W (st)h(st). The
household pays lump sum tax τ(st) denominated in composite good and it
receives transfers N(st) from monetary authority.

Intermediate goods firms Intermediate firms are renting household’s la-
bor h(st) for the price of Wt to produce intermediate goods Xt according to
the production function that is subject to technology shocks. Intermediate
firms maximize their profits:

πI
t = PXtXt −Wtht, (4)

firms superscripts H and F will be used.
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subject to the total domestic good constraint Xt = XHt +XFt, where XHt is
the amount of domestic intermediate good used for production of domestic
final good and PXt is the domestic intermediate good price denominated in
domestic currency.

Final good firms Final good firms are maximizing their profits according
to:

πF = PtYt − PXtXHt − etP
∗
XtX

∗
Ht. (5)

The domestic final good Yt is produced using home and foreign intermediate
goods:

Yt = [s1−ρ(XHt)
ρ + (1− s)1−ρ(X∗

Ht)
ρ]

1
ρ , (6)

where s is the weight of the home intermediate good in the domestic final
good basket.

Government In each period, the domestic government consumes the do-
mestic final good. The domestic government consumption is financed by
lump-sum taxation:

PtGt = Ptτt, (7)

where Gt follow growth process that is subject to stationary AR(1) shock
process.

Monetary authority The monetary authority policy choice is the proxy
to various exchange rate arrangements simulation. The domestic monetary
authority is setting the domestic money supply Mt and interest rate Rt in
order to follow the prescribed goals by Taylor rule in the form:

Rt = kyŶt + kpP̂t,

where Ŷt, P̂t are deviations from targeted output and price. During the first
stage, two different Taylor rules are present in the model because the na-
tional monetary authority is free to chose its target. In the second stage,
the exchange rate peg is implemented by identifying the exchange rate as a
function of state variables. Then the accessing monetary authority has to set
such value of money growth that satisfy the prescribed exchange rate target.
During the common currency period, both national monetary authorities are
using the same Taylor rule that is mixture of independent Taylor rules.
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Shocks and Rigidities To simulate real economies behavior various shocks
and rigidities are introduced into the two country framework. Shocks will
affect intermediate good production, household’s money demand and gov-
ernment expenditures. All exogenous shocks follow autoregressive process:

log(Xt) = ρX log(Xt−1) + (1− ρX)log(X) + εXt,

where |ρX | < 1, εX ∼ N(0, σX) and for X shock specific index is substituted.
The intermediate production function is defined as:

Xt = Atht,

where At introduces stationary exogenous technological shock to technology.
This shock to technology is source of country specific supply shock. Shocks
to money demand, with aforementioned structure will be introduced trough
the shock to weight of real money holdings in the household’s utility function.

In this model, nominal rigidities are driven by staggered nominal wage
contracts that are used to set nominal wages. Nominal wage contract are set
by à la Calvo mechanism.

General Equilibrium As in Dellas (2003b) and Dellas (2003a) I close the
two open economy framework description with equilibrium definition.

Definition 1. An equilibrium of this economy is a sequence of prices

{P̄t}∞t=0 = {Wt, Pt, PXt, P
b
t , Rt, et, W

∗
t , P ∗

t , P ∗
Xt, P

b∗
t , R∗

t}∞t=0

and sequence of quantities

{Q̄H
t }∞t=0 = {Ct, lt, BH,t+1, B

∗
H,t+1,Mt+1, C

∗
t , l

∗
t , BF,t+1, B

∗
F,t+1,M

∗
t+1}∞t=0

and

{Q̄F
t }∞t=0 = {ht, Yt, Xt, XHt, X

∗
Ht, , h

∗
t , Y

∗
t , X∗

t , XFt, X
∗
Ft}∞t=0

such that:

1. given a sequence of prices {P̄t}∞t=0 and sequence of shocks, {Q̄H
t }∞t=0 is

the solution to the representative household’s problem

2. given a sequence of prices {P̄t}∞t=0 and sequence of shocks, {Q̄F
t }∞t=0 is

the solution to the representative firm’s problem
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3. given a sequence of quantities {Q̄H
t , Q̄F

t }∞t=0 clears the goods, money
and capital markets.

Xt = XHt + XFt,

X∗
t = X∗

Ht + X∗
Ft,

Yt = Ct + Gt,

Y ∗
t = C∗

t + G∗
t ,

BH,t+1 = −B∗
F,t+1,

B∗
H,t+1 = −BF,t+1. (8)

4. Nominal wages are set using labor contracts, such that nominal wage
clears the labor market.

5. Monetary policy is conducted according to the prescribed procedure.

Research methodology There will be three different models representing
the three different international monetary arrangements associated with the
stages of currency union accession. I assume that the monetary authorities
are following a sort of Taylor rule because the Taylor rule explains observed
interest rate paths fairly enough.

As was mentioned above, there are two independent monetary policies in
the first unionization stage. In the first model, these independent monetary
policies will modelled by different parameter choices for the Taylor rule. In
the second model, the EMU representing economy will follows the same rule
as in the first model, but the accessing country must find and set such do-
mestic money growth that will keep the exchange rate fixed. In the model
of currency union monetary authorities use identical monetary policy rules.
These rules are a proportional mixture of the independent rules, that were
used to simulate the period of independent monetary authorities.

The complete solution of the models requires a lot of econometric ef-
fort to estimate the models’ parameters, because a lack of empirical studies
on macroeconomic parameters for Central European transition countries is
present. Particular effort should be devoted to estimating the elasticity of
substitution between foreign and domestic goods, because this parameter
is crucial for model performance in matching the qualitative properties of
business cycles. The structure of government expenditure shocks will be es-
timated from government consumption series filtered for deterministic trend
and coefficients of the Taylor rule will be estimated from series of output
gaps, inflation and interest rates. The supply shock structure will be recov-
ered from output and employment series.
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These three models representing different international monetary arrange-
ments will be log-linearized around the deterministic steady state as in Col-
lard and Dellas (2002). Then the numerical methods will be employed to
solve linearized dynamic systems.

After the models are solved, impulse responses will be calculated. The
values of responses will reveal information on asymmetry and extent of out-
put responses to shock under examined monetary regimes. These models
will be used to predict standard deviations of the input and output series.
The characteristics of macroeconomic volatility will be used to compare the
macroeconomic stability under the above described monetary regimes.

In further research, I will introduce tradable and non-tradable goods into
the model to incorporate the Harrod-Balassa-Samuelson effect in the models.
Because the Harrod-Balassa-Samuelson effect originates from different pro-
ductiveness in tradable and non-tradable goods sector additional technology
shock processes for non-tradable good production sectors are constructed.
The country differences in productivity of the non-tradable good sector will
drive the deviations from purchasing power parity in the model. Due to
additional good introduction, the household will have to make additional
decisions on domestic non-tradable good consumption. The non-tradable
goods producers will face the profit maximization problems. For exchange
rate analysis, the consumption based price index will be derived. This price
index represents the minimum expenditure to purchase a unit of composite
good that consist of the foreign and domestic tradable good and domestic
non-tradable good.

To solve the advanced version of the model additional parameter esti-
mations will be needed. Size of the tradable and non-tradable goods sector
will be estimated according to standard classifications of goods, this means
that goods like construction and services will be considered as non-tradable
goods.

As in the first part of my research each of the examined monetary regime
will be modelled by individual model. After I solve the models the analysis
of the macroeconomic series properties will be conducted. By comparing the
stability characteristics (in terms of volatility) of the independent monetary
regime and common currency regime with the fixed exchange rate regime, I
will identify the costs of the second stage of monetary unionization.

The performance of the all models will be evaluated by testing the results
for robustness. Specifically, result robustness with respect to changes in
elasticity parameters and contract length will be examined to evaluate the
models’ fit.
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2.4 Data

The data needed for the model’s calibration should be available from interna-
tional statistical databases. The works and papers mentioned above usually
use data provided by global organizations that focus their research on Euro-
pean economies. I expect the European Central Bank is capable of providing
all the required data for my research because it supports the research on the
EU and EMU enlargement. The other useful data bases are International
Monetary Statistics and Source OECD provided by IMF and OECD and
accessible for CERGE-EI researchers in CERGE-EI library.

3 Stochastic DEA

This proposal section presents the motivation for my research in the pro-
ductivity analysis field and contains my contribution to the theoretical de-
velopment of the Stochastic Data Envelopment Analysis (SDEA) models.
This motivation demonstrates the research possibilities on the production ef-
ficiency research by two recent papers ( Afonso, Schuknecht and Tanzi 2003,
Osiewalski, Koop and Steel 1997) and more specific motivation is part of the
work presented in appendix section.

Data Envelopment Analysis (DEA) offers an interesting alternative to
parametric approach to estimating the production function and production
function frontier. The knowledge of the production frontiers is useful in
search for the most efficient allocation of inputs and outputs. DEA search for
the production possibility frontier is based on properties that are imposed on
the production possibility set. Using the knowledge of production possibility
frontier we can easily construct an estimate of production function.

Afonso et al. (2003) uses the DEA methodology (although they do not
mention it explicitly in the paper, but they refer to non-parametric frame-
work) to find the frontier of public sector efficiency. The authors examine
the performance and the efficiency of the public sectors of 23 industrialized
OECD countries. Afonso et al. (2003) used public sector performance in-
dexes (consists of socio-economic indicators like health, education, public
infrastructure, GDP per capita and GDP growth) as public sector output
and the public sector expenditures (as fraction of GDP) were used as inputs
for public sector production function. Afonso et al. (2003) conclude that the
small governments tend to show higher efficiency score in use of public ex-
penditures and they calculated that EU countries are using 27% more public
spending than the “most efficient” countries (US, Japan and Luxembourg)
with similar public sector performance indicators.
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Estimating the productivity gap between transition countries and devel-
oped countries was the impulse for the paper by Osiewalski et al. (1997).
The authors applied the production frontier idea in a macroeconomic con-
text to search for “world production frontier”. The examined 22 countries
are producers of output (measured as GDP) given inputs (e.g. capital and
labor, measured as capital stock per worker and total employment). Authors
improved the methodology proposed in their previous works to break down
output growth into technical, efficiency and input changes. The examina-
tion growth patterns for period of 1980-1990 shows the low efficiency scores
for Poland. Thus Osiewalski et al. (1997) explain recent years Poland’s fast
growth by possibility of increasing output through efficiency change alone.

In the Appendix section, I present my theoretical contribution to Stochas-
tic Data Envelopment Analysis, that makes DEA models capable of handling
errors in data. The ability to handle errors makes analysis results robust.
The usefulness of SDEA methodology will be demonstrated by application in
productivity research in agricultural sector and for this purpose I developed
tool for solving SDEA models.

4 Dissertation Committee

I propose following structure of my dissertation committee:

Chair: Michal Kejak

Members: Byeongju Jeong
Jose de J. Noguera
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5 Research Time Plan

Month Year Activity

December 2003 SDEA paper final version
January 2004 Initiate macroeconomic stability research
March 2004 First model solution and data collection
June 2004 First macroeconomic paper draft
September 2004 First paper and model development
December 2004 Second model solution and data collection
April 2005 Second macroeconomic paper draft
June 2005 Second paper and model development
August 2005 Final versions of macroeconomic papers
September 2005 Dissertation defence

6 Mobility

The researchers who contributed to the development of the two country
framework used for my macroeconomic research are currently employed at
the Department of Economics at the Faculty of Social Sciences of the Uni-
versity of Bern, Switzerland. The staff of the Department of Economics is
focusing their research on the EU integration effects, therefore I find it useful
to meet them and consult my research results. Also, the research consulta-
tions should help me keep up to date with the newest research devoted to
monetary unionization in Europe.

For the productivity analysis part of my work, I would like to consult
with researchers employed at the Warwick Business School, The University of
Warwick in the United Kingdom. Research at Warwick is devoted to specific
DEA applications in private and public sector organizations. Researchers at
Warwick are well known for their focus on DEA methodology of productivity
research. As their web page informs, a number of MSc/MBA projects on
DEA are undertaken each year as a part of this research approach whilst a
number of PhD projects are currently under progress.
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A Stochastic DEA paper

Title: Stochastic DEA models:
Creation, Orientation, Linearization and Solution

Abstract

In this paper I will construct chance constrained problems for DEA
analysis. The goal is to construct oriented DEA models that account
for noise in the analyzed data. The noise in the form of single fac-
tor symmetric error is incorporated into the model and I create the
corresponding stochastic programming problem. The stochastic mod-
els are transformed into deterministic equivalents and then linearized.
The linearized form allows me to construct a solver that is capable
of solving this problem by interior point methods for linear program-
ming problems and utilize their advantages in comparison with sim-
plex methods solvers.

A.1 Introduction

Data envelopment analysis (DEA) involves an alternative principle for ex-
tracting information about a population of observations, so called decision
making units (DMUs), that are described by the same quantitative char-
acteristics. Each DMU is assumed to have used the same set of inputs to
produce the same set of outputs, but it uses them in various amounts.

DEA and Stochastic Frontier Analysis (SFA) models have been developed
for the purpose of production frontier search. DEA involves an alternative
approach to SFA for information extraction from the population observa-
tions of decision processes. DEA approach is considered as a nonparametric
approach to estimating the production frontier, because the DEA approach
does not require specification of the production function form relating in-
puts to outputs. DMUs are directly compared against a peer or combination
of peers. In contrast to parametric approaches for information extraction,
objective of the DEA is to calculate a linear (piecewise linear) frontier deter-
mined by set of Pareto-efficient DMUs. This frontier is used to calculate the
relative (among the elements of DMU set) measure of technical efficiency.

The measurement of input and output values is subject of errors and
noise. Also, the analyzed production sector may face different shocks. The
noise in data usually leads to mistakes in production frontier specification
and efficiency scores. The dilemma of model choice depends on the trade off
between the minimal specification that favors DEA and handling of stochastic
error in measuring DMU efficiency that favors SFA. To compete with SFA in
error handling, the stochastic data envelopment analysis (SDEA) approach
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was developed by considering the value of inputs and outputs as random
variables in SDEA approach.

Present SDEA approaches lead to chance constrained optimization prob-
lems that consume extensive amount of computational time for the optimal
solution search even for the simple stochastic models. I continue the chance
constrained programming tradition in which random disturbances are in-
corporated in inputs and outputs on the assumption that the probabilistic
distribution of disturbances is known. My contribution consist of creation of
input and oriented stochastic models and by simplification of error structure
I derived the linearized model forms. The linearization allows me to con-
struct a solver that is capable of solving large size models using significantly
reduced amount of computational time in comparison with solving chance
constrained optimization problems.

The following section reviews the literature on DEA and SDEA. In the
third section usual notation is introduced. The fourth section defines produc-
tion possibility set properties that will be used to construct stochastic model
in the fifth section. Then the model’s error structure is presented and incor-
porated in the model, the derivation of linearized model is described. This
is followed by introduction of efficiency measure that is used to construct
the oriented models that are linearized. The last section proposes numerical
methods that can be used to solve such models and introduces my solver that
can be used to solve these models when applying these models for specific
analysis.

A.2 Literature review

As the introduction to the Charnes, Cooper, Lewin and Seiford (1994) ex-
plain, the story of data envelopment analysis begins with Edwardo Rhodes’s
dissertation, which was the basis for the later published paper by Charnes,
Cooper and Rhodes (1978). In his dissertation, E. Rhodes analyzes the ed-
ucational program for disadvantaged students in the USA. He compared the
performance of students from school that were participating and not partici-
pating in the program. The performance was recorded in terms of inputs and
outputs, e.g.:“Increased self-esteem” (measured by psychology tests) as out-
put and the time spent by mother reading with child as input. The following
work on efficiency evaluation of multiple inputs and outputs technology led
to the paper by Charnes et al. (1978), where the CCR model for DEA was
formulated.

The presented CCR model is capable of handling only the technology with
constant returns to scale. This fact is reflected in the shape of production
frontier when the frontier is formed by a single ray. The DMU is evaluated
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as efficient if it is an element of production possibility frontier. To handle the
variable returns to scale the CCR model was extended by Banker, Charnes
and Cooper (1984). Since the BCC model’s frontier is a piecewise linear
set, Banker et al. (1984) defined weak efficiency (weak efficient DMU has
nonzero slacks) and efficiency (efficient DMU has zero slacks). Further, only
the efficient DMUs are elements of the estimated production possibility set
frontier in framework of BCC model.

Since 1978, over 1000 articles, books and dissertation have been pub-
lished10 and DEA theory and applications have rapidly extended. As many
applications suggest, DEA can be a powerful tool when used wisely. Two
capabilities that make DEA powerful tool are capability of handling multiple
inputs and outputs models and that these inputs and outputs can have differ-
ent measurement units. For example, input could be in units of lives saved or
it could be in units of dollars without requiring an a priori tradeoff between
the two. This property allows expansion of DEA methodology into very dif-
ferent production sectors. To examine the efficiency of hospitals or health
care centers is the very popular application of DEA, e.g. a recent study by
Halme and Korhonen (1999) examines the dental care units or the study by
Byrnes and Valdmanis (1989) where 123 US hospitals were covered. Other
applications of DEA methodology are covering industries like air transporta-
tion (Land, Lovell and Thore 1993), fishing (Walden and Kirkley 2000) and
banking (Ševčovič, Halická and Brunovský 2001).

The study by Byrnes and Valdmanis (1989) joined the expanding interest
in health care applications of DEA that occurred in the beginning of 1980’s.
Many earlier studies of cost efficiency calculated only the technical-efficiency
of DMUs and this study also examined the decomposition of overall efficiency
into its component parts. This means that Byrnes and Valdmanis (1989) can
figure out how efficiently hospitals are using each of the inputs or outputs in
comparison to other competitors from the DMUs set. Their approach shows
how many different types of information can be gathered using the DEA
model. They also mentioned how the managers can utilize these different
information types.

The expanding number of papers devoted to DEA helped to identify the
limitations of the DEA approach. An analyst should keep these limitations in
mind when choosing whether or not to use DEA. DEA is good at estimating
“relative” efficiency of a DMU but it converges very slowly to “absolute”
efficiency. In other words, it can tell you how well DMU is doing compared
to other DMU but not compared to a “theoretical maximum.” This is the
result of the analyst’s limitation in knowledge of the true production function.

10According to Emrouznejad (1995-2001) homepage.
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Since DEA is an extreme point technique, noise (even symmetrical noise
with zero mean) such as measurement error can cause significant problems,
because the frontier is sensitive to these errors.

Therefore theoretical attempts to incorporate these errors were done. The
SDEA works are based on the theoretical paper by Land et al. (1993), where
the authors used their new models to examine the efficiency of the same
schooling program for disabled scholars as in Charnes et al. (1978). In the
Land et al. (1993), the authors have offered the prospect of stochastic data
envelopment analysis and constructed their own model (LLT model). They
imported stochastic component to DEA and created chance constrained prob-
lems by introducing the variability to outputs that is conditional on inputs.
This simply means that only outputs were taken as normally distributed
random variables. After the stochastic optimization problems were created,
Land et al. (1993) transformed these problems to their deterministic equiv-
alents, which allowed them to determine the efficient DMUs.

Olesen and Petersen (1995) presented different approach to incorporate
the stochastic component into DEA. Olesen and Petersen (1995) assumed
that inefficiency of DMU can be decomposed into true inefficiency and dis-
turbance term. The approaches of Land et al. (1993) and Olesen and Petersen
(1995) to SDEA are compared by Olesen (2002) and weaknesses of both ap-
proaches are identified. LLT model is criticized because it does not account
for all correlations that can occur in disturbances. Olesen (2002) critique the
OP-model proposed by Olesen and Petersen (1995) because the OP-model
ignores the fact that a convex combination of, e.g., two i.d. random input
output vectors from two DMUs has a lower variance than the random vectors
themselves, except for the case where the input output vectors are perfectly
correlated. After Olesen (2002) stressed the weaknesses of both the models,
he proposed a model that combines attractive features of the LLT and OP
models. Forward remedy from the OP model is to take the union of confi-
dence regions for any linear combination of the stochastic vectors themselves,
and not using a piecewise linear enveloping of the confidence regions and this
idea is implemented in the combined chance constraint model proposed in
this paper.

The theoretical paper by Huang and Li (n.d.) sketches stochastic mod-
els with the possibility of variations in inputs and outputs. Huang and Li
(n.d.) define efficiency measure of a DMU via joint probabilistic comparisons
of inputs and outputs with other DMUs and can be characterized by solv-
ing a chance constrained programming problem. By utilizing the theory of
chance constrained programming, deterministic equivalents are obtained for
both situations of multivariate symmetric random disturbances and a sin-
gle random factor in the production relationships. The linear deterministic
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equivalent and its dual form are obtained via the programming theory un-
der the assumption of the single random factor. An analysis of stochastic
variable returns to scale is developed using the idea of stochastic supporting
hyperplanes. The relationships of the presented SDEA models with some
conventional DEA models are also discussed.

The following paper shows that there still exist research directions in
which the future developments on DEA and SDEA can be driven. Gstach
(1998) addresses the issue that the outcome of a production process might
not only deviate from a theoretical maximum due to inefficiency, but also
due to non-controllable errors. As usually, this raises the issue of reliability
of DEA in noisy environments. The author proposes to assume an i.i.d. data
generating process with a bounded noise component. This assumption makes
the approach that mixes the parametric and non-parametric approach to pro-
duction frontier estimation feasible. Gstach (1998) propose to use DEA to
estimate a pseudo frontier (nonparametric shape estimation) and then apply
a maximum likelihood-technique to the DEA-estimated efficiencies to esti-
mate the scalar value by which this pseudo-frontier must be shifted downward
to get the true production frontier (location estimation).

At the end of this review I present paper that is devoted to DEA models
computational problems. The major problems associated with solution of
DEA models are the analysis of large set of DMUs and that the solutions
with zero elements. The analysis of large data set leads to large size optimiza-
tion problems that can be costly to solve. The solutions with zero elements
cause problems when these solutions are interpreted as inputs and outputs
shadow prices. Gonzales-Lima, Tapia and Thrall (1996) present the primal-
dual interior-points computational methods as the methods that significantly
improve the reliability of solution in comparison to simplex methods. The
interior-points methods maximize the product of the positive components
among solutions, this means that the number of zero components of the op-
timal solution is minimized. Due to this solution’s property it is easier to
interpret the DEA models results.

A.2.1 Notation

In this section, I introduce notation and definitions that will be used to
construct the DEA models in the next section. The notation in this paper
coincides with the notation used in papers by Li (1998) and Huang and Li
(n.d.). The task is to analyze the set of DMUj where 1 ≤ j ≤ n. Each of the
DMUs is described by the vector x̃j ∈ Rm

+ , x̃j = (x̃1j, . . . , x̃mj)
T of m input

amounts that are used to produce s outputs in amounts described by vector
ỹj ∈ Rs

+, ỹj = (ỹ1j, . . . , ỹsj)
T . These vectors will constitute matrices of inputs
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and outputs, therefore the following matrix notation will be used:
matrix of inputs X̃ = (x̃1, . . . , x̃n)

ith row of ’input’ matrix X̃ ix̃ = (x̃i1, . . . , x̃in)T , i = 1, . . . ,m
matrix of expected inputs X̄ = (x̄1, . . . , x̄n)
ith row of expected ’input’ matrix X̄ ix̄ = (x̄i1, . . . , x̄in)T , i = 1, . . . ,m

matrix of outputs Ỹ = (ỹ1, . . . , ỹn)

rth row of ’output’ matrix Ỹ rx̃ = (ỹr1, . . . , ỹrn)T , r = 1, . . . , s
matrix of expected outputs Ȳ = (ȳ1, . . . , ȳn)
rth row of expected ’output’ matrix Ȳ rȳ = (ȳr1, . . . , ȳrn)T , r = 1, . . . , s

A.2.2 Production possibility set

In the stochastic, framework the DMUs are characterized by distributions
moments. The production possibility set is defined in terms of means. In
further model development, the second moments will be used in the transfor-
mation from the chance constrained problem to its deterministic equivalent.

The true production possibility set can be constructed using the true
production function. In nonparametric DEA methodology, this function is
not known, therefore the general production possibility set is defined and the
set of properties that the production possibility set should fulfill is postulated.

Definition 1. General stochastic production possibility set T ⊂ Rm+s
+ is

defined as follows: T = {(x̃, ỹ) | using inputs x̃ outputs ỹ can be produced}
When constructing the stochastic production possibility set T using the

DMUj , j = 1, . . . , n, T should have these properties:

Property 1. Convexity: If (x̃j, ỹj) ∈ T, j = 1, . . . , n and λ ∈ Rn
+,

∑n
j=1 λj =

1 ⇒ (X̃λ, Ỹ λ) ∈ T.

Property 2. Inefficiency property: If (x̄, ȳ) ∈ T and x ≥ x̄, then (x, ȳ) ∈ T.
If (x̄, ȳ) ∈ T and y ≤ ȳ then (x̄, y) ∈ T.

Property 3. Minimum extrapolation: T is the intersection of all sets sat-
isfying convexity and inefficiency property and subject to that each of the
observed vectors (x̃j, ỹj) ∈ T, j = 1, . . . , n.

Set To = {(x̃, ỹ) | x̃ ≥ X̃λ, ỹ ≤ Ỹ λ, λ ≥ 0} satisfies the aforementioned
properties. To is the stochastic generalization of the production possibility
set of constant returns to scale production function as it was used by Charnes
et al. (1978) in derivation of the CCR model. Similarly, set T1 = {(x̃, ỹ) |
x̃ ≥ X̃λ, ỹ ≤ Ỹ λ, eT λ = 1, λ ≥ 0} also satisfies the properties postulated
for the stochastic production set. Set T1 is the production possibility set
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appropriate for production technology with no returns to scale. Further, set
T1 and its modifications will be used to derive models with variable returns
to scale.

Generally, I can define the parameterized production possibility set Tϕ

that covers case of T1 and T0 as Tϕ = {(x̃, ỹ) | x̃ ≥ X̃λ, ỹ ≤ Ỹ λ, ϕ(eT λ) =
ϕ, λ ≥ 0}.

Next, I introduce the concept of effectiveness. The element of the pro-
duction possibility set is called the efficient point of production set if there
does not exist another production point that produces more of output with-
out consuming more input, or consumes less of input without producing less
output. This leads to the following efficiency domination definition among
the DMUs:

Definition 2. DMUj is not dominated in the sense of efficiency if @(x∗, y∗) ∈
T such that x∗ ≤ xj or y∗ ≥ yj with at least one strict inequality for input
or output components.

In the deterministic environment, the efficient DMUj are elements of the
production possibility set frontier and there is no possibility of violating of
the production possibility set properties.

In the stochastic framework, the properties violations are allowed with
the probability α, 0 ≤ α ≤ 1. The term 1 − α in the chance constrained
programming problem can be interpreted as the modeler’s confidence level,
therefore α is interpreted as the modeler’s risk that equals probability mea-
sure of the extent to which specified conditions are violated. I introduce
two similar types of stochastic models. In the first model type the efficiency
dominance is violated with probability α. The second model type allows for
violations of constraints specifying the production possibility set with prob-
ability α. First, I consider case where Pareto efficiency can be violated due
to errors and therefore I define stochastic efficiency of point as follows:

Definition 3. Stochastic efficiency of point in set Tϕ: (x̃∗, ỹ∗) ∈ Tϕ is called
α–stochastically efficient point associated with Tϕ ⇔ if the analyst is confi-
dent that (x̃∗, ỹ∗) is Pareto-efficient with probability 1− α in the set Tϕ.

This definition means that point (x̃∗, ỹ∗), considered as efficient by mod-
eler, is dominated (in the sense of efficiency dominance) by any other point
in Tϕ with a probability less or equal to α. Next, I define the efficiency of
DMUj :

Definition 4. Stochastic efficiency of DMUj : DMUj is α–stochastically
efficient in set Tϕ ⇔ (x̃j, ỹj) is point associated with DMUj and (x̃j, ỹj) ∈ Tϕ

is α–stochastically efficient production point associated with Tϕ.
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These definitions and aforementioned properties of the set Tϕ straight-
forwardly imply that for efficient DMUj and for any λ such that ϕ(eT λ) =
ϕ, λ ≥ 0 I can state, that with at least one strict inequality in input–output
constraints following expression holds:

Prob(X̃λ ≤ x̃j, Ỹ λ ≥ ỹj) ≤ α.

The second case considered in this paper is the case where production pos-
sibility set constraints are violated in efficiency definition. In this approach
modeler’s risk relates to risk that some DMUs are not in the production pos-
sibility set due to measurement errors. For these models I define efficiency
dominance as follows:

Definition 5. DMUj is not dominated in the sense of efficiency if @(x∗, y∗) ∈
T such that Prob(x∗i ≤ xij) ≥ 1− α or Prob(y∗r ≥ yrj) ≥ 1− α with at least
one strict inequality for input or output components.

To demonstrate difference in stochastic and deterministic approach I com-
pare deterministic and stochastic models from the view of the shape of ef-
ficient points set. Figure (1) shows the deterministic frontier and compares
it to the true production possibility frontier. We observe two inefficient
DMUs, namely DMU #4 and DMU #5. The solid piecewise linear line is
the unknown true production possibility frontier and the dashed line is DEA
estimate of it. In Figure (2) the same DMUs are pictured and the stochastic
production possibility frontier is pictured as the grey shaded area. We ob-
serve, that the DMU #4 became an efficient unit, because now it is part of
the frontier.

A.2.3 Stochastic model

In this chapter, I derive almost 100% confidence chance constrained problem
that will be basis for further theoretical development of SDEA model. In the
following section I will made assumptions about the error structure in the
model and the model will be transformed to its deterministic equivalent.

From the set properties follows that {X̃λ ≤ x̃j, Ỹ λ ≥ ỹj} ⊂ {eT (X̃λ −
x̃j) + eT (ỹj − Ỹ λ) < 0}11 and using probability properties I derive following
inequality: Prob(X̃λ ≤ x̃j, Ỹ λ ≥ ỹj) ≤ Prob(eT (X̃λ−x̃j)+eT (ỹj−Ỹ λ) < 0).
Therefore for λ such that ϕ(eT λ) = ϕ, λ ≥ 0 the condition Prob(eT (X̃λ −
x̃j) + eT (ỹj − Ỹ λ) < 0) ≤ α is a sufficient condition for DMUj to be α–
stochastically efficient.

11The inequality type change is due to the additional restriction that {X̃λ ≤ x̃j , Ỹ λ ≥
ỹj} holds with at least one strict inequality.
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Using this fact, Cooper, Huang, Lelas, Li and Olesen (1998) constructed
the following almost 100% confidence chance constrained problem (in matrix
notation):

max
λ

Prob(eT (X̃λ− x̃j) + eT (ỹj − Ỹ λ) < 0)− α (9)

s.t.

Prob(ix̃λ < x̃ij) ≥ 1− ε, i = 1, . . . , m;

Prob(rỹλ > ỹrj) ≥ 1− ε, r = 1, . . . , s;

ϕ(eT λ) = ϕ,

λ ≥ 0,

where ε is non–Archimedean infinitesimal quantity.12 Theorem (3) by Cooper
et al. (1998) implies that if the maximum value of the chance functional
Prob(eT (X̃λ − x̃j) + eT (ỹj − Ỹ λ) < 0) exceeds α, then DMUj is not α–
stochastically efficient.

A.2.4 Symmetric shock model

In this section, I introduce single symmetric error structure that allows us to
transform model from chance constrained problem to the linear programming
problem. In the single factor symmetric model, errors in all variables are
driven by single symmetric shock ε. I consider, as in Li (1998), m inputs and
s outputs structure of n DMUs in the following form:

x̃ij = x̄ij + aijε

ỹij = ȳij + bijε,

where ε follows normal distribution with E(ε) = 0, V ar(ε) = σ2
ε . The fol-

lowing vector notation is introduced to simplify the description of the shock
effects to DMU:

aj = (a1j, . . . , amj)
T , bj = (b1j, . . . , bsj)

T , j = 1, . . . , n;

ia = (ai1, . . . , ain), rb = (br1, . . . , brn), i = 1, . . . , m, r = 1, . . . , s;
and by consolidation of these vectors I construct matrices:

A = (a1, a2, . . . , an), B = (b1, . . . , bn).

Using properties of normal distribution and inverse of cumulative distribu-
tion function Φ(α), by rewriting of constraints and objective function in the

12This means that ε is less than any positive real number. According to Charnes et al.
(1994): ”Computational Aspects of DEA”, I will select ε < minj=1,...,n 1/

∑m
i=1 xij in the

calculations of these models.
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almost 100% confidence chance constrained problem (9), the following non-
stochastic equivalent is derived:

minλ eT (X̄λ− x̄j) + eT (ȳj − Ȳ λ)+
+ | eT (Aλ− aj) + eT (b̄j − B̄λ) | σεΦ

−1(α)
s.t.

ix̄λ ≤ x̄ij+ | iaλ− aij | σεΦ
−1(ε), i = 1, . . . ,m,

ȳrj ≤ rȳλ+ | brj − rbλ | σεΦ
−1(ε), r = 1, . . . , s,

ϕ(eT λ) = ϕ,
λ ≥ 0.

(10)

To linearize constraints I remove the absolute value terms from constraints
in problem (10). The trick is to decompose the absolute value term in each
constraint into the difference of two positive numbers and I add cumula-
tive term ε(

∑s
r=1(q1r + q2r) +

∑m
i=1(h1i + h2i)) into the objective function.

This trick does not affect the optimal solutions of problem (10). Therefore,
problem (10) is equivalent to the following problem with linear constraints:

minλ,qkr,hki
eT (X̄λ− x̄j) + eT (ȳj − Ȳ λ)+
+ | eT (Aλ− aj) + eT (bj − B̄λ) | σεΦ

−1(α)+
+ε(

∑s
r=1(q1r + q2r) +

∑m
i=1(h1i + h2i))

s.t.

ix̄λ ≤ x̄ij + (h1i + h2i)σεΦ
−1(ε),

iaλ− aij = h1i − h2i, i = 1, . . . , m,
ȳrj ≤ rȳλ + (q1r + q2r)σεΦ

−1(ε),
brj − rbλ = q1r − q2r, r = 1, . . . , s,
ϕ(eT λ) = ϕ,
λ ≥ 0, qkr ≥ 0, hki ≥ 0, k = 1, 2.

(11)

In the next step I remove the absolute value from the objective func-
tion. The inverse of cumulative distribution function Φ(α) takes positive or
negative values, to account for this factor define δ such that:

δ =

{ −1 if α < 0.5
1 if α > 0.5.

The absolute value term in the objective function is the sum of the abso-
lute value terms in constraints; therefore, the decomposition that was used
in constraints is just substituted in the objective function. Thus as in Li
(1998), the absolute value terms are eliminated from objective function and
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the following problem with linear objective function is obtained:

minλ,qkr,hki
eT (X̄λ− x̄j) + eT (ȳj − Ȳ λ)+
+δ(eT (Aλ− aj) + eT (bj − B̄λ))σεΦ

−1(α)+
+ε(

∑s
r=1(q1r + q2r) +

∑m
i=1(h1i + h2i))

s.t.

ix̄λ ≤ x̄ij + (h1i + h2i)σεΦ
−1(ε),

iaλ− aij = h1i − h2i, i = 1, . . . , m,
ȳrj ≤ rȳλ + (q1r + q2r)σεΦ

−1(ε),
brj − rbλ = q1r − q2r, r = 1, . . . , s,
ϕ(eT λ) = ϕ,
λ ≥ 0, qkr ≥ 0, hki ≥ 0, k = 1, 2.

(12)

Problem (12) is known as the envelopment formulation of the DEA model,
because in each problem the part of envelopment adjacent to the analyzed
DMUj is set up. Define e as the vector of ones and I can write the dual
problem (13) to primal problem (12), which is a modification of the problem
created by Li (1998) is as follows:

minµ,ν,η,ω,µj
µT ȳj − νT x̄j − ηT bj − ωT aj − ϕµj

s.t.
µT ȳl − νT x̄l − ηT bl − ωT al − ϕµj ≥ 0, l = 1, . . . , n;
−σεΦ

−1(ε)µ + η ≥ −σε(Φ
−1(ε) + ε)e− δσεΦ

−1(α)e,
−σεΦ

−1(ε)µ− η ≥ −σε(Φ
−1(ε) + ε)e + δσεΦ

−1(α)e,
−σεΦ

−1(ε)ν + ω ≥ −σε(Φ
−1(ε) + ε)e− δσεΦ

−1(α)e
−σεΦ

−1(ε)ν + ω ≥ −σε(Φ
−1(ε) + ε)e + δσεΦ

−1(α)e,
µ ≥ e,
ν ≥ e,
η, ω, µj unconstrained.

(13)

A.3 Measuring efficiency

The solution of problems (12) and (13) consist of the data envelopment defin-
ing hyperplane that defines estimated production frontier for DMUj . The
important part of solution is projected point (x̂j, ŷj) = (X̄λ, Ȳ λ) such that
belongs to the data envelopment defining hyperplane. Specific, the hyper-
plane is obtained from solution of multipliers problem (13) and the projected
point is from solution of envelopment problem (12) for specific j. In this
section, the projected point and envelopment defining hyperplane will be
utilized to create the inefficiency measure for the DMUj .

For the purpose of a simple inefficiency measure, I can use the distance
measure of a discrepancy between expected and projected point, that is
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(x̂j, ŷj) − (x̄j, ȳj). This discrepancy expresses the difference between the
efficient frontier represented by projected point (x̂j, ŷj) and the present po-
sition of DMUj . Starting from (x̄j, ȳj) I can follow different paths to the
envelopment surface, represented by defining hyperplane for DMUj , there-
fore different projected points and inefficiency measures can be created. In
the following derivation of efficiency measure directions of lowering inputs
and increasing in outputs will be used.

First, for inputs of DMUj I denote x̄j − X̄λ = ej and following the
path −ej we can lower inputs and move towards the production possibility
frontier. When inputs lowering path is used in construction of the efficiency
measure the input oriented DEA model is created. Similarly, I create a DEA
output oriented model, for outputs I get the projection path sj = Ȳ λ − ȳj.
The path sj projects DMUj on to production possibility frontier in outputs
maximizing direction.

Next, to determine the maximal scale effects in lowering inputs or increas-
ing outputs, the projection paths sj, ej are decomposed to a proportional
increase (decrease) and residual as follows: sj = ρȳj + δj

s, ej = γx̄j + δj
e,

13

where proportional increase of outputs ρ and proportional decrease of inputs
γ are defined as follows:

ρ = minr=1,...,s
ŷrj − ȳrj

ȳrj

≥ 0,

γ = mini=1,...,m
x̄ij − x̂ij

x̄ij

≥ 0.

(14)

Next, I will use the notation of Ali and Seiford (1993) to define new
variables for proportional part of projection. The new variable for output
oriented model are defined as φ = 1+ρ and for input oriented model θ = 1−γ.
To identify the maximal output scale effect, I will search for maximal φ, and
for input reduction I will search for minimal θ.

For the identification of scale effects, I construct two stage models. In
first stage of model the maximal φ or minimal θ will be identified. The
second stage of modelling utilizes the identified scale effect to optimize for
envelope distance. Thus, in the first stage I replace x̄j with θx̄j and I search

for minimal θ. The solution to the first stage for DMUj is denoted as θ̂j.

The θ̂j is used in the second stage where I search for envelopment. Similarly,
for the input oriented model I replace ȳj by ρȳj and search for maximal input
scaling by ρ̂j. These two stage models are summarized in the Table (1).

13Note that at least one component of each δ is zero, because of projection on to the
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Output oriented model
First stage Second stage

maxλ,φ φ maxλ Prob(eT (X̃λ− x̃j) + eT (φ̂j ỹj − Ỹ λ))− α
s.t. Prob(ix̃λ < x̃ij) ≥ 1− ε s.t. Prob(ix̃λ < x̃ij) ≥ 1− ε

Prob(rỹλ > φỹrj) ≥ 1− ε Prob(rỹλ > φ̂j ỹrj) ≥ 1− ε
ϕ(eT λ) = ϕ ϕ(eT λ) = ϕ
λ ≥ 0 λ ≥ 0

i = 1, . . . , m; r = 1, . . . , s.

Input oriented model
First stage Second stage

minλ,θ θ maxλ Prob(eT (X̃λ− θ̂jx̃j) + eT (ỹj − Ỹ λ))− α

s.t. Prob(ix̃λ < θjx̃ij) ≥ 1− ε s.t. Prob(ix̃λ < θ̂jx̃ij) ≥ 1− ε
Prob(rỹλ > ỹrj) ≥ 1− ε Prob(rỹλ > ỹrj) ≥ 1− ε
ϕ(eT λ) = ϕ ϕ(eT λ) = ϕ
λ ≥ 0 λ ≥ 0

i = 1, . . . , m; r = 1, . . . , s.

Table 1: Two stage oriented almost 100% confidence chance constrained
models

A.4 Oriented models

Two stage oriented models described in Table (1) can be collapsed to one
stage model. In both stages the objective function optimization is subject
to the same constraints, the only one difference is the objective function.
To merge these stages in one optimization problem, the non-Archimedean ε
is used as weight for second stage objective function. The presence of non-
Archimedean ε in the objective function allows such proportional movement
towards the frontier that it drive out the slacks optimization. In following
sections almost 100% confidence chance constrained oriented models will be
defined and their linearization will be presented.

Output oriented model In this section, I linearize almost 100% con-
fidence chance constrained output oriented problem. I use the one stage
model, derived from two stage optimization process that was presented in

production possibility frontier.
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Table (1). The one stage model is stated as follows:

max
λ,φ

φ + ε(Prob(eT (X̃λ− x̃j) + eT (φỹj − Ỹ λ))− α) (15)

s.t. Prob(ix̃λ < x̃ij) ≥ 1− ε, i = 1, . . . , m;

Prob(rỹλ > φỹrj) ≥ 1− ε, r = 1, . . . , s;

ϕ(eT λ) = ϕ

λ ≥ 0;

I apply the same linearization procedure as was applied to problem (9)
and described in the previous section. The following model is derived:

maxλ,qkr,hki,φ φ− ε[eT (X̄λ− x̄j) + eT (φȳj − Ȳ λ)+
+δ(eT (Aλ− aj) + eT (φb̄j − B̄λ))σεΦ

−1(α)]+
+ε(

∑s
r=1(q1r + q2r) +

∑m
i=1(h1i + h2i))

s.t. ix̄λ ≤ x̄ij + (h1i + h2i)σεΦ
−1(ε),

iaλ− aij = h1i − h2i, i = 1, . . . , m,
φȳrj ≤ rȳλ + (q1r + q2r)σεΦ

−1(ε),
φbrj − rbλ = q1r − q2r, r = 1, . . . , s,
ϕ(eT λ) = ϕ,
λ ≥ 0, qkr ≥ 0, hki ≥ 0, k = 1, 2,

(16)

Input oriented model Similarly, as in the previous section, the almost
100% confidence chance constrained input oriented problem will be derived.
I use one stage model, that condenses two stage optimization process that
was presented in Table (1). The one stage model is stated as follows:

min
λ,θ

θ − ε(Prob(eT (X̃λ− θx̃j) + eT (ỹj − Ỹ λ))− α) (17)

s.t. Prob(ix̃λ < θx̃ij) ≥ 1− ε, i = 1, . . . , m;

Prob(rỹλ > ỹrj) ≥ 1− ε, r = 1, . . . , s;

ϕ(eT λ) = ϕ

λ ≥ 0;
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I constructed the following linear deterministic equivalent of the chance con-
strained model:

minλ,qkr,hki,θ θ + ε[eT (X̄λ− θx̄j) + eT (ȳj − Ȳ λ)+
+δ(eT (Aλ− θaj) + eT (b̄j − B̄λ))σεΦ

−1(α)]+
+ε(

∑s
r=1(q1r + q2r) +

∑m
i=1(h1i + h2i))

s.t. ix̄λ ≤ θx̄ij + (h1i + h2i)σεΦ
−1(ε),

iaλ− θaij = h1i − h2i, i = 1, . . . , m,
ȳjλ ≤ rȳ + (q1r + q2r)σεΦ

−1(ε),
brj − rbλ = q1r − q2r, r = 1, . . . , s,
ϕ(eT λ) = ϕ,
λ ≥ 0, qkr ≥ 0, hki ≥ 0, k = 1, 2,

(18)

A.5 Future research

All above derived models are appropriate to use in case of the constant
returns to scale production function. Therefore, my future theoretical goal is
to introduce the variable returns to scale into the SDEA models. I will follow
the methodology used for development of deterministic models to develop
almost 100% chance constrained DEA models with variable returns to scale
to increase the range of practical applicability.

For purpose of applied research in productivity analysis, the solver capa-
ble of solving will be constructed. The solver will use primal-dual interior
point method algorithm for constructed models solution. The planed appli-
cation of SDEA methodology will compare the productivity analysis results
obtained by parametric methods to results obtained by SDEA.
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